


Continuous Random Variables and their Probability Distributions 
 

Continuous Random Variables 
 

 A continuous random variable (CRV) is one that can take any value in an interval on the real 

number line. 

 No limit on the accuracy, for example if someone’s weight (kg) is given as 83, implies the 

weight is between 82.5 and 83.5, if the weight is given as 83.3, it implies the weight is 

between 83.25 and 83.35, etc.. 

 Therefore Pr(W = w) = 0 

 from text: 

  

  



  

  
 In order to be a probability density function a function must satisfy certain conditions. 

  



  

  
Example 1: Suppose that the random variable X has the density function with the rule: 
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a. Find the value of c  that makes f  a probability function; 

b. Find Pr(X  > 1.5) 

 

Solution: Calculator: solve((cx,x,0,2)=1,c) 
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Example 2: Consider the function f  with the rule: 

 









010

10)1(5.1
)(

2

xorxif

xx
xf  

a. Sketch the graph of f ; 

b. Show that f  is a probability density function; 

c. Find Pr(X > 0.5). 

 

Solution: 
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Example 3: Consider the exponential probability density function f  with the rule: 
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a. Sketch the graph of f ; 

b. Show that f  is a probability density function; 

c. Find Pr(X >1). 

Solution: 
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Calculator: limit((2e-2x,x,o,k),k,∞)    or  (2e-2x,x,o,∞) 
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Mean, median and mode for a continuous random variable. 
 

Mean (Expected Value) 
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Example: Find the expected value of the random variable I which has probability density function 

with rule: 
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Example: If X is the random variable with probability density function f : 
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Find:  

a. the expected value of 
2X ; 

b. the expected value of xe (4 d.p). 

 

Solution:  
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Percentiles and the Median 
 

50th  percentile = 5.0)(  

p

dxxf  

 

in general: the “nth” percentile, 
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Example: The duration of telephone calls to the order department of a large company is a random 

variable X minutes with probability density function: 
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Find the value of a  such that 90% of phone calls last less than a  minutes. 

Solution: 
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 solve((1/2e^-x/3, x, 0, a)=0.9, a) 

therefore 90% of the calls to this company last less than 6.908 minutes. 

 

Example: Suppose the probability density function of weekly sales of topsoil, X (in tonnes), is given 

by the rule: 
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Find the median value of X and interpret the result. 

 

Solution:  
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 solve((2-2x, x, 0, a)=0.5, a) 

 

Because 10  x the median = 0.293 tonnes. This means 50% of the weekly sales will be less than 

0.293 tonnes. 

 



Mode 
 the most common value of the variable X. 

 for the probability density function this will be the local maximum. 

 

Example: Find the mode of the CRV, X with the probability density function: 
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Solution: 
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f(x)
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Local Maximum
( 0.6667 , 1.7778 )

 
fmax(f(x),x) |0≤ x ≤1  
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Measures of Spread 
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Example: Find the variance and standard deviation of the random variable X which has the 

probability density function with rule: 
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Range 

The range of a random variable is the difference between the smallest and largest value (of X). i.e 

calculate from the domain of the probability density function. 
 

IQR 

The Interquartile Range is the range of the middle 50% of the distribution. It is the difference 

between the 75th percentile and the 25th percentile. 
 

Example: Find the IQR of the random variable X which has the probability density function: 
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Solution:  
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The Normal Distribution 
 

Normal distributions are described by symmetric, bell-shaped curves. Area under the curve shows 

what decimal fraction of the observations lie in any region. The total area enclosed by the graph is 

equal to 1. 
 

Standardised Normal Distribution 

Example:  There are two national (USA) college entrance exams, the Scholastic Aptitude Test 

(SAT) and the American College Testing program (ACT). Scores on the SAT’s are approximately 

normal with a mean of 500 and a standard deviation of 100. Scores on the ACT are approximately  

normal with mean of 18 and a standard deviation of 6. Use this information to answer the following: 

Julie scores 630 on the mathematics part of the SAT. John takes the ACT mathematics test and 

scores 22. Assuming both tests measure the same kind of ability, who has the better result? 
 

Solution: 

Julie: Score is 1.3 standard deviations above the mean: 3.1
100

130

100

500630



 

 

John: Score is 0.67 standard deviations above the mean: 67.0
6

4

6

1822



 

 
Therefore Julie had the better result! 
 

So to standardise a normal result: 
 

 





x
Z  where Z is the standardised normal value. 

 

Notation:  The random variable X has a normal distribution with mean   and variance 2  is written 

as:  ),(~ 2NX .  

In the above example for SAT : )10000,500(~ NX  

 

Whereas the Standard normal variable, Z , has a mean of 0 and a standard deviation of 1. 
)1,0(~ NZ  

 

The Normal Probability Function is:  
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Both of these curves have the same degree 

of spread (i.e. standard deviation), but have 

different means. . 1 < 2 , but 1 = 2 

 

1 2 
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Standardised Values (Z values) 

 
Example: Sketch the Normal Curve and shade the area for the following: 

(a) (i) )5.2Pr( Z   (ii) )0Pr( Z   (iii) )234.1Pr( Z  

Solution: 
(i)     (ii)     (iii) 

 

 

 

 

 

 
9938.0)5.2Pr( Z     5.0)0Pr( Z  8914.0)234.1Pr( Z  

 

(b) (*Tech Free) 

Given )78.0Pr( Z = 0.2177 and Pr (Z ≤1.234) = 0.8914 find 

(i)  )78.0Pr(Z  2177.07823.01)78.0Pr(1)78.0Pr()78.0Pr(  ZZZ   

(ii) )234.178.0Pr(  Z  = 6737.02177.08914.0)78.0Pr()234.1Pr(  ZZ  

 

 

 

 

 

 

 

 

 

Both of these curves have the same mean 

but different degree of spread (i.e. standard 

deviation. 1 = 2 , but 1 < 2 

 
1 

2 



68 – 95 – 99.7 % rule 
 

68%:  -  < X <  +  

 

 

 

 

 

 

95%:  - 2 < X <  + 2 

 
99.7%:  - 3 < X <  + 3 

 
 

Example: The distribution of heights of young women is approximately normal with mean,  = 166 

cm and standard deviation,  = 6.  

(a) Using the curve below, mark its mean and standard deviations. 

(b) Between what two values do the heights of the central 95% of young women lie? Shade this 

area on the curve. 

 

 

 

 

 (b) 154 - 178 

 

 

 

 

 

 Ex16B 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 

Ti-nSpire: 

Menu – Probability – Distributions 

Normal Cdf 



Inverse Problems 
Example: Find by first drawing a diagram. 

(a) 8.0)Pr(  kZ   (b) 6.0)Pr(  kZ   (c) 95.0)Pr(  kZ  

(d) 3.0)Pr(  kZ   (e) 15.0)Pr(  kZ   (f) 65.0)Pr(  kZ  

Solution: 
(a)  
       8.0)Pr(  kZ  

       842.0k  

 
 
 
 
(b)  
       6.0)Pr(  kZ  

       253.0k  

 
 
 
 
(c)  
       95.0)Pr(  kZ  

       645.1k  

 
 
 
 
(d)  
       7.0)Pr(3.0)Pr(  mZkZ  

       524.0k  

 
 
 
 
(e)  
             
    85.0)Pr(15.0)Pr(  kZkZ  

       036.1k  

 
 
 
(f)  
             
    65.0)Pr(65.0)Pr(  mZkZ  

       385.0k  
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Normal & Inverse Applications 

 

Example 

A manufacturer of electric light globes finds that his articles have an average life of 1200 burning 

hours with a standard deviation of 200 hours. Assuming that the distribution of life-times is normal, 

(i) what is the probability of a globe selected at random having a life between 1240 and 1320 hours? 

(ii) out of a batch of 200 globes, how many would be expected to fail in the first 880 burning hours? 

(iii) what proportion of globes manufactured would be expected to have a life less that 1100 hours or 

more than 1460 hours? 

 

Solution: 
Let X = the number of burning hours 
 

(a) Pr(X < 1240) = Pr 






 


200

12001240
Z = Pr(Z < 0.2) = 0.5793 

Pr(X<1320) = Pr 






 


200

12001320
Z =  Pr(Z < 0.6) = 0.7257 

Pr(1240< X < 1320)= 0.7257 – 0.5793 = 0.1464 
 
 
 
(b) Pr (X < 880) = Pr (Z< -1.6) = Pr (Z > 1.6) = 1 – Pr (Z < 1.6)= 1 – 0.9452 = 0.0548 
 

Expected number = 200 x 0.0548 = 11 

(c) Pr(X < 1100) = Pr 






 


200

12001120
Z  

= Pr(Z < -0.5) = 0.3085 

Pr(X> 1460) = Pr 






 


200

12001460
Z =  Pr(Z > 1.3) 

= 1 – Pr (Z < 1.3)= 1 – 0.9032 = 0.0968 
 
Pr(X< 1100 or X > 1460) = 0.3085 + 0.0968 = 
0.4053 (40.53 %) 

 Ex16C 12, 13, 17 abc, 18 ab; Ex16D 1a, 2a, 3a ,4 
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Example 

A lathe turns out brass cylinders with a mean diameter of 2.16 cm and a standard deviation of 0.08 

cm. Assuming that the distribution of diameters is normal, find the limits to the acceptable diameters 

if, on checking, it is found that 5 per cent in the long run rejected because they are oversize and 5 per 

cent are rejected because they are undersize. 

 

Solution 
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 Ex16C 14, 15, 17 def, 18cde; Ex16D 1b, 2 bc, 3 b, 5, 6 
 

 

Example: The lengths of newborn girls are normally distributed with a mean of 49.50cm and a 

variance of 3.24 cm. 

(i) Girls A’s length at birth was 53.3cm. What percentile is she in for height (length)? 

(ii) Her sister, Girl B, was in the 97th percentile for length. How long was she at birth? 

(iii) Girl C was in the 25th percentile for length at birth. How long was she? 

 

Solution: 
(i) Let X = birth length in cm. 
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111.2
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Therefore the girl is in the 98th percentile. This means 98% of all girls are shorter than girl A. 

 

(ii) 
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(iii) 
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Example: Limits of acceptability imposed on the lengths of a certain batch of metal rods are 1.925 

cm and 2.075 cm. It is observed that, on average, 5% are rejected as undersized and 5% are rejected 

as oversized. 

Assuming that the lengths are normally distributed, find the mean and standard deviation of the 

distribution. 

 

Solution:  
Let X = the length of the metal rods (cm) 

X~N(, 2) 
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The Normal Approximation to the Binomial Distribution 
 

 We know the shape of the binomial distribution depends on n and p. 

 If n is large and p is not too close to 0 or 1 then the distribution is close to symmetrical and 

starts to look like a Normal distribution 

 When to use the normal approximation? 

o If n is sufficiently large (~25* or more) *depends on p also 

o P is not too close to 0 or 1 

o General rule: np and n(1 – p) is greater than 5 

 If satisfied, then the Binomial random variable, X, will be approximately normally distributed 

with: 

o  a mean of µ = np; 

o  a standard deviation of )1( pnp   

 

Example: A sample of 1000 people from a certain city were asked to indicate whether or not they 

were in favour of the construction of a new freeway. It is known that 30% of people in this city are in 

favour of the new freeway. Find the approximate probability that between 270 and 330 people in the 

sample were in favour of the new freeway. 

 

Solution: 
 

Let X  = the number of people in the sample who are in favour of the freeway. 

X~Bi(n, p) n = 1000 & p = 0.3 

9616.0)070.2070.2Pr(
210

300330

210

300270
Pr)330270Pr(

2103.07.01000)1(

3003.01000
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Note: if we used the Binomial distribution to calculate this we obtain: 

9648.0)330270Pr(9583.0)330270Pr(  XandX
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Sampling & Estimation 
 

Populations & Samples 
 A population is the set of all eligible members of a group which we intend to study. 

 A sample is a subset of the population. 

 A sample is used to make inferences about the population. 

 We use sampling when: 

o The population is too large – e.g. all AFL supporters in Australia. 

o The population may be hard to access – e.g. all Blue Whales in the Pacific Ocean. 

o The data collection process may be destructive – e.g. testing every battery to see how 

long it lasts, mean that there would be no batteries left to sell. 

 

Random Sample 

 When we select our sample, we don’t want it to be biased towards a sub-group. For example, 

surveying people as they enter the MCG and asking “do enjoy Australian Rules football. 

 A sample size then has to be selected in a way that every subset of the population has an 

equal chance of being selected. 

 We call this the Simple Random Sample. 

 Many methods can be used. A common method is to assign every member of the population a 

number and then use a random number generator to select the sample. 

Example 
A researcher wishes to evaluate how well the local library is catering to the needs of a town’s 

residents. To do this she hands out a questionnaire to each person entering the library over the course 

of a week. Will this method result in a random sample? 

 

Probably not, since the members of the sample are already users of the Library. Would be better 

sampling from the whole of the town’s population. 

 

Random Number Generator on the Ti-NSpire 

 Menu – Probability – Random – Seed then enter 4 random 

numbers, e.g. the last 4 numbers of your phone number. (e.g. 

RandSeed 8595) 

 To get a random number between 0 and 1 use Menu – 

Probability – Random – Number. (e.g. rand() ) 

 For a random integer - Menu – Probability – Random – 

Integer . 

o To get 5 random integers between 1 and 30: 

randInt(1,30,5)  



Example: Use a random number generator to select 6 students from the following class: 

John Mary Bill Jane Fred Lily 

Shay Rose Lucy Declan Patrick Louis 

Harry Ruby Georgia Tom Darren Alice 

Kristin Lee-Anne Glen Tim Steve Lachlan 

 

Solution:  

First assign numbers to each person in the class 

John (1) Mary (2) Bill (3) Jane (4) Fred (5) Lily (6) 

Shay (7) Rose (8) Lucy (9) Declan (10) Patrick (11) Louis (12) 

Harry (13) Ruby (14) Georgia 

(15) 

Tom (16) Darren (17) Alice (18) 

Kristin (19) Lee-Anne 

(20) 

Glen (21) Tim (22) Steve (23) Lachlan 

(24) 

 

Then generate 6 random integers without repeats from 1 to 24. 

 

e.g. 4, 15, 9, 7, 22, 13 

 

which gives: Jane, Georgia, Lucy, Shay, Tim & Harry 

 

The sample proportion as a random variable 
 

 
size population

attribute with populationin number 
  proportion Population p   

 In the above example there are 11 females and 13 males. So the proportion of female students 

in the class is 
24

11
  p  

 The Sample Proportion,  ˆ p , 
size sample

attribute with samplein number 
 ˆ p  

n

x
 p 


 

 The proportion of females in our sample of 6 is 
2

1

6

3
 ˆ p  

 The population proportion, p, is a population parameter; its value is constant. 

 The sample proportion,  ˆ p , is a sample statistic; its value is not constant. 

 

Example: Use the same data from the previous example, select another random group of six. 

Determine the proportion of females in the sample. 

 

Solution: 
 

e.g. Chosen 6 are: 5, 6, 11, 19, 24, 10: Fred, Lily, Patrick, Kristin, Lachlan, Declan 

 

  
3

1

6

2
 ˆ p  

 Ex17A 1, 2, 3, 5, 6, 8, 12, 13, 14 



The exact distribution of the sample proportion 
 

Sampling from a small population 

 

Example: A bag contains six blue and four red balls. If we take a random sample of size 4, what is 

the probability that there is one blue ball in the sample (
4

1
 ˆ p ) ? 

Solution: 

Method 1: 

This can be done in 4 different ways: RRRB or RRBR or RBRR or BRRR 
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Method 2: 

 

There are 210
4

10
 








 ways to select 4 balls from 10 balls. 

 

There are 4
3

4
 








 ways to select 3 red balls from 4 red balls and there are 6

1

6
 








 ways to select 1 

blue ball from 4 blue balls. 

 

Therefore the probability of obtaining 3 reds and 1 blue is 
35
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The following is an extension of the previous example. This table gives the probability of obtaining 

each possible sample proportion  ˆ p when selecting a sample size of 4. 

 

Number of blue balls in the sample (x) 0 1 2 3 4 

Proportion of blue balls in the sample, 
 ˆ p  

0 

4

1
  

2

1
  

4

3
  

1 

Probability 

 210

1
  

210

24
  

210

90
  

210

80
  

210

15
  

 

The last 2 rows form a probability distribution for the random variable,  ˆ p . 

 

The distribution of a statistic which is calculated from a sample is called a sampling distribution. 
 



Example: A bag contains six blue balls and four red balls. Use the sampling distribution in the 

previous table to determine the probability that the proportion of blue balls in a sample of size 4 is 

more than 
4

1
 . 

Solution: 
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Sampling from a large population 

This is the most common case. 
 

For example, suppose 70% of all 17 year olds in Australia attend school. i.e. p = 0.7 
 

Now consider selecting a random sample of size 4 from the population of all 17 year olds in 

Australia. As this binomial then: 

  4,3,2,1,03.07.0
4

Pr 4 







  x

x
xX xx

 

 The sampling distribution will look like this: 

Number at school in the sample (x) 0 1 2 3 4 

Proportion at school in the sample,  ˆ p  0 0.25 0.5 0.75 1 

Probability  pP ˆˆPr   

 
0.0081 0.0756 0.2646 0.4116 0.2401 

 

   
 

The population that the sample of size = 4 is being taken from is such that each item selected has a 

probability of  p = 0.7 of success. 

So we define the random variable, 
4

X
 ˆ p ,  

n

x
 p 


 where X is a binomial random variable , p  = 

0.7 and n = 4. So the above table could be written as: 
 

x  0 1 2 3 4 

 ˆ p  0 0.25 0.5 0.75 1 

  )Pr(ˆˆPr xXpP   

 
0.0081 0.0756 0.2646 0.4116 0.2401 

 

For example the probability, in the random sample of 4, the 

proportion attending school less than 50% is: 

  

     

0837.0

0756.00801.0
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The Mean and Standard Deviation of the sample proportion 

 

Example:  Use the following distribution to determine the mean and standard deviation of the 

sample proportion P̂ from the previous example of 17 year olds. 

 

x 0 1 2 3 4 

 ˆ p  0 0.25 0.5 0.75 1 

  )Pr(ˆˆPr xXpP   0.0081 0.0756 0.2646 0.4116 0.2401 

 

Solution: 

   

    
   

  2291.07.05425.0ˆ

5425.0

2401.014116.075.02646.050.00756.025.00081.00
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2401.014116.075.02646.050.00756.025.00081.00
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If we are selecting a random sample of size n from a large population, then the mean and standard 

deviation of the sample proportion P̂ are given by: 

 

   pPE ˆ   and    
n

pp
Psd

)1(ˆ 
  

 

Note: the standard deviation of a sample statistic is called the standard error. 

 

From our 17 year olds example, we can see that these are the same as calculated in the previous 

example: 

 p = 0.7 

 

   2291.0
4

3.07.0)1(ˆ 






n

pp
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Example: Suppose that 70% of 17 year olds in Australia attend school. If a random sample of size 

20 is chosen from this population, find the probability that the sample proportion: 

a is equal to the population proportion (0.7); 

b lies within one standard deviation of the population proportion; 

c lies within two standard deviations of the population proportion. 



 

Solution: 

 

a  

If the sample proportion is 7.0ˆ p and the sample size is 20, then the number of students in the 

sample is 0.7 x 20 = 14. 

  1916.03.07.0
14

20
)14Pr(7.0ˆPr 614 








 XP  

b 

 

7796.0)1612Pr()05.1695.11Pr()8025.0ˆ5975.0Pr(

05.16208025.0&95.11205975.0

8025.01025.07.05975.01025.07.0:..1
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c 

9752.0)1810Pr()1.189.9Pr()905.0ˆ495.0Pr(

905.01025.027.0495.01025.027.0:..2
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Approximating the distribution of the sample proportion 
 

If the sample size, n, is large it is impractical to work out probabilities associated with the sample 

proportion. 

We overcome this by approximating the distribution of the sample proportion. 

As we have already seen a binomial distribution is well approximated by the normal distribution 

(remember np and np(1 – p) should be greater than 10). 
 

o µ = p    
n

pp )1( 
  

 

Example: Assume 55% of people in Australia have blue eyes. Use your calculator to illustrate a 

possible distribution of sample proportions,  ˆ p , that may be obtained when 200 different samples 

(each of size 100) are selected from the population. 
 

Solution: 

 



 

Example: Assume 60% of people have driver’s licence. Using the normal approximation, find the 

approximate probability that, in a randomly selected sample size 200, more than 65% of people have 

a driver’s licence. 
 

Solution: 
 

n = 200 & p = 0.6 and since n is large the distribution of  ˆ P is approximately normal, 

 

so µ = p = 0.6    

  0745.065.0ˆPr

)034641.0(0346.0
200

4.06.0)1(











P

n

pp


 

 

 
 Ex17C 1, 2, 4, 5, 7, 9, 10 



Confidence intervals for the population proportion 
 

Point estimates 

The value of the sample proportion  ˆ p can be used to estimate the population proportion p. since this 

is a single-valued estimate, it is called the point estimate of p. 

 

Interval estimates 

An interval estimate for the population proportion p is called a confidence interval for p. 

 

Using the Normal approximation and standardising, remember
σ

μx
 Z


 . 

 

We know that   95.01.96Z1.96-Pr  , so 
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 which can be written as 
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This is the 95% confidence interval for p. 

o  p is the population proportion; 

o p ˆ  is the value of the sample proportion; 

o n is the size of the sample from which p ˆ  was calculated. 

 

Example: Find an approximation 95% confidence interval for the proportion p of primary school 

children in Australia who regularly use social media, if we select a random sample of 20 children and 

find the sample population p ˆ  to be 0.7. 

 

Solution: 

p ˆ  = 0.7 and n = 20 

   901.0,499.01025.096.17.0,1025.096.17.0

:%95

1025.0
20

3.07.0)1(











so

n

pp


 

 

So based on a sample size of 20 there is a 95% confidence interval for the population proportion p is 

(0.499, 0.901). 

 



Using a calculator to determine confidence intervals 

 

 
 

 

Precision and margin of error 

 

In the example with the school children, we found the 95% confidence interval (0.499, 0.901) for the 

proportion p of primary school children who use social media, based on a sample size of 20. 

This means we are predicting the population proportion is somewhere in the range of approximately 

50% to 90%. Not a good prediction. 

 

If we change the random sample size to 200: 

 

P = 0.7, n = 200 0324.0
200

3.07.0)1(








n

pp
  

So the confidence interval is calculated as: 

 

 764.0,636.0
200

3.07.0
1.967.0,

200

3.07.0
1.96-7.0 













 



 

 

So based on a sample size of 200 and a sample estimate of 0.7, an approximate 95% confidence 

interval for the population proportion p is (0.636, 0.764) i.e. between 64% and 76%. 

 

The difference between the sample estimate and the confidence interval endpoints is called the 

Margin of Error, M. For a 95% confidence interval it is given as: 

 

n

pp
M

)ˆ1(ˆ
96.1


  



 

Example: Determine the sample size required to achieve a margin of error of 2% in an approximate 

95% confidence interval for the proportion p of primary school children in Australia who use social 

media, if the sample proportion  ˆ p is found to be 0.7. 

Solution: 

84.2016

96.1

02.0

3.07.03.07.0

96.1

02.0

3.07.0
96.102.0

)ˆ1(ˆ
96.17.0ˆ&02.0
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n

n
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So to achieve a margin of error of 2%, we need a sample size of 2017. 
 

A 95% confidence interval for a population proportion p will have margin of error approximately 

equal to a specified value of M when the sample size is: 

*)1(*
961

2

pp
M

.
 n 








  p* is an estimated value for the population proportion p. 

 

In general, a C% confidence interval is given by: 
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e.g. a 99% confidence will be 
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because 99.0)58.258.2Pr(  Z  

 

Example: Calculate the 90%, 95% and 99% confidence interval for the primary school children in 

Australia who use social media, with a random sample size of 200 and p ˆ  of 0.7. 
 

Solution: 

95%: (0.636, 0.764) 

 

90%:  753.0,647.0
200

3.07.0
1.657.0,

200

3.07.0
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99%:  783.0,616.0
200

3.07.0
7.0,

200

3.07.0
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2.582.58-  

 

So obviously the greater the confidence then wider the interval is required. 
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