[MAA 3.4] ARCS AND SECTORS

Compiled by: Christos Nikolaidis

SOLUTIONS

O. Practice questions
T V.3
1. a) (i) — i) — iii) 37
(@ () 9 (i1) 10 (iif)
(b) () 10° (i) 36° (ii1) 450°.
2. (a)
A B C D
in degrees | 30° | 150° | 210° | 330°
. . V4 b4 r 11z
in radians = — — —_—
6 6 6 6
(b)
A B C D
in degrees | 40° | 140° | 220° | 320°
. . 2 T 117z 167
in radians — — — —
9 9 9 9
3.
In degrees in radians
2nd period o ° o 237
backwards - 720 < 0 < _360 ‘690 — 47[ < 9 < 27[ _T
1t period o o o 117z
backwards -360°<80<0 -330 —21<60<0 %
15 period 0° < 6 < 360° 30° 0<0<2x %
. o 137
2" period 360° <0 < 720° 390 2n<0<4r T
. o 257
3" period 720° < 8 <1080° 750 dr <@ <6br a
4. (a)
the minor arc AB 10x1.5=15
Length
of the major arc AB | 10x(2n—1.5)=20n-15
1 .5
the minor sector EX 10°x1.5=175
Area
of 1 5
the major sector. EXIO x(2n—1.5)=100m - 75
. the minor sector | 15+20=35
Perimeter
of the major sector | (20m—15)+20=20m+5




(b)

the minor arc AB | 10 X% =57
Length
of ) i 3n
the major arc AB 10X(2ﬂ—5)210x7=15n
1 , T
the minor sector | 5 X10"x—=25m
2 2
Area
of 1 3
the major sector. | —x10’ X(27I—E) =50x>" =751
2 2 2
. the minor sector | ST +20
Perimeter
of the major sector | 15w+ 20

5. (a) [=r0=(8)(1.3)=104
(b)  Aoacs =% r20= % (8)X(1.3)=41.6
(c) AB?=82+82—2(8)(8)cosl.3 = AB =9.6829... =9.68
(d)  Aoas= %r 2sinf= %(8)2 sin (1.3) =30.8338... = 30.8
(e) Ashadcd = AOACB — AOAB: 41.6 —30.8338...=210.8
Ashaded = %rz (0—sind) = %(8)2 [1.3 —sin (1.3)] = 10.766... = 10.8
6. (a) METHOD A
Avriangle = Ashaded = %r 2 sinf= %r 2 (0—sinf) = sinf= f—sind= 2sinf=40
METHOD B
1 1, . 11 , . 1 .
Avtriangle = — Asector = — 7~ sinf= — —r 0= sinfd= — 0 = 2sind=40
2 2 22 2

Then, by GDC, §=1.89549.... = 1.90

(b) METHOD A

minor _ 1 0 1., 90 1 g mpg=60-2n 20-=
byor S5 r@2m-0) 5 2m-60 5 3
METHOD B
lminor = lZcircum ference = ]"0 = 1(2”1/') = H = z
6 6 3

1 1, . 1, . i3

c Ashaded = —Acircte = —1r (@—sin@)=—(mr°)= 0 —sinf =—

(c) bade = = Acicl 2( )6( ) 3
Then, by GDC, 8=1.9689.... = 1.97

A. Exam style questions (SHORT)

7. (@ [=rf8 or ACB=2x0A=30cm
(b)  AOB (obtuse) = 21 — 2

Area=%r29 =% (15)* (2n —2) = 482 cm” (3 sf)



Perimeter = 5(2n— 1) + 10 = (10 + 5) cm (= 36.4, to 3 sf)

(a) arclength /=r0=10x %:10%

(b) area of large sector = %x 102 x X [: 1007‘]

3 6
area of small sector = l x 82 x . @
2 3 6

area shaded = % =6n

(a METHOD 1
cosine rule AB = \/3.92 +3.97 —=2(3.9)(3.9) cos 1.8 = AB = 6.11(cm)

METHOD 2

using right-angled triangles
Ifx= 1 AB
2

sin 0.9 = —— = x=3.9sin 0.9
3.9
AB=2x=6.11 (cm)
(b)  For major sector: AOB =21 — 1.8 (= 4.4832)
A= %(3.9)2(4.4832...) =34.1 (cm?)

1 (5420 =216 > 0= % (=1.481 radians)
2 2.7

4
AB=r0=54x —=8cm

2.7

() A:%rZQ =N 27=%(1.5)r2<:> r*=36 = r=6cm
(b) Arclength =rf=1.5x6 =9 cm

(a) 3m :r2—9n<:> r=13.5 (cm)

(b) perimeter = 27+37 (cm)(= 36.4)
(c) area= %13.52 x% =20.257 (cm?) (= 63.6)

A= l}’z@ P l}’219: i‘n
2 2 3

[=r0 <ro= gn

W

Solving the system: r =4, 6= %
1, 1,

A=—r0 & —r6=180
2 2

[=7r0 < rf=24

Solving the system: r =15, 8=1.6



16.

17.

18.

19.

20.

21.

(a) Area= %r29:%(152)(2) =225 (cm?)
(b)  Area AOAB = % 15% sin 2 = 102.3
Area =225 — 1023 = 122.7 (em?) = 123 (3 sf)
(a) perimeter =7+ r + arc length < 20 =2r+rf < 0= 20;2r
(b) A_%r2(20;2rj & 10/r—#=25&r=5cm

Area sector OAB _Lf3z (5)2 =Eﬂ
2\ 4 8

Area of AOAB = %(5)(5) sin%[ 252

4

= Shaded area = area of sector OAB — area of AOAB

=20.6 (cm)

rd =2t
8=2

Area :Er: Lk rising
] ]

N S
f.‘:E:;afea=r'—-,5f"l:::nll'

k=1 —%sinﬂ (=0.545)

2 I,' ]
= {I—i-amllj

)

(a) Area of sector =3 (Area of segment)

Area of sector =—

[ B Y

sind

Area of tnangle =

s gfs
2 \2 2

3¢ =4sind
(b) 6=1.28 radians (accept 73.1°)

< 50 —-5sinf =2sinf

METHOD A
1,
Avhaded 5 " (0 o 0) 2 0 _ Sin 0 2
‘ == YT g A4 —9 =z
triangle 5 }"2 Sin 0 st
METHOD B
Agaded * Ariangie = 2:5 (s0 the whole part, i.e. sector, is 7). Therefore,
Atriangle : Ascctor =57
1 ging
triangle:§<:>2 :§©Sln9:§©59:7sin9
A 7 1 7 0 7

sector

~ 6
2



22.

23.

24,

25.

26.

TOA =60°
1 .
Area of A= EX6X12XSIH 60=18\/§ Area

of sector = lX6X6XE =67
2 3

Shaded area = 18y3 — 6r [=12.3 cm? (3 sD)]

OR
OTA =90°
AT =122 —62 = 643 TOA =60°= =

Area = area of triangle — area of sector = % X6X 6675 ><6><6><§ - 183 —6n [=12.3 cm? ]

Area sector OAB :%(5)2 (0.8) =10

T
3

c0s 0.8 = ON/5 = ON=5c0s0.8 (=3.483...)

Area of AAON = %ON x 5xsin0.8 =6.249...

Shaded area =10-6.249.. =3.75
h:rso2r2=100:r2=50:r=5\/§
Hence circumference = 21t = 10m+/2

[=100= 1012
=0 =n\/§

(a) area of sector ABDC = %1‘[(2)2 =7

area of segment BDCP =1 — area of AABC =n—2

(b) BP=42

area of semicircle of radius BP = %n( V2 )2 =7

area of shaded region=n — (m — 2) =2

5+7° -6 _25+49-36 38

cosf = =& =0,
Zx5xT T0O 70
= 28=1.99...
T*+6° -5 49+36-25 60
COSr = - — = =0.775
2= Txb 84 24

—= 2 =1.55...

i | . 1 5
Required area =;5'{!.9‘¥--sm!.9‘3}-~?ﬁ‘ (1.55

=234 cm’

997

—sinl.55)



27.

28.

D

Let AC=BD =x
X +37 =13 = x =160 =44/10 (=12.64...)

cosa =% =a=1.337... rad

Arc length CD = 8(2n—2a) =28.85...
Arc length AB = 5(2a)=13.37...
Total length = 13.37... +28.85... + 2x(12.64...) = 67.5

(a) Let 4, =%r201, A4, =%r202, A, =%r2(93,
Giventhat 4, -4, =4,- A4, =... is constant

1. 1, :
Er (02—01)257’ (6,-06,)=... isconstant
So 0,-6,=0,-0,=.. is constant

(b) METHOD 1 (considering the AS of the angles)
Let u, =6, u,, =26 be the first and the last angles

S1p=2n 2%(94‘29):27[ = 180=2n

o="
9

METHOD 2 (considering the AS of the sector areas)

Let u, = A, u,, =2A be the first and the last sector areas

2
S,, = mr’ :>%(A+2A):nr2 = 184=nr’ = A= %
2
Hence, l1/2t5?=£:> ="
2 18 9



29. (a) ArcAB=46
OB, =cosf
Arc A|B; = Ocosl
Similarly,

Arc AyB, = Hcos?0

Sum = 6 + Ocosh + Hcos’0 + ...= 4
1-coséd
2
o —2 2 p_T 05
l-cos@ 3 3

B. Exam style questions (LONG)

AD 4
sin0.8 sin0.3

30. (a) = AD =9.71 (cm)

(b) OAD=m—1.1=(2.04)
EITHER OD?*=9.712+4%>-2%9.71 x4 x cos(n— 1.1) = OD=12.1

oD 971 4

R. — =— =— = 0D=12.1
sin(m—1.1) sin0.8 sin0.3

(c) area=0.5 x4°x0.8=6.4
(d) area of triangle OAD: . 4 = %X4>< 12.1xsin 0.8 = 17.3067
(OR 4= %X4><9.71><sin 2.04=17.3067

OR 4= %X12.1X9.71><sin 0.3=17.3067

area ABCD =17.3067 - 6.4=10.9 (sz)

31. (a) AB*=122+122-2x 12 x 12 x cos 75° = 1242 — 2 cos 75°) = 122 x 2(1— cos 75°)
= AB=12,/2(1-cos75°)

n BP
(b) POB =37.5°, tan37.5 ZE = BP =12tan 37.5° =9.21 cm
OR
BPA =105°  BAP =37.5°
.AB __ BP — BP- A351n37.5 = 9.21(cm)
sin105° sin37.5° sin 105°

(¢) (i) Area AOBP = %x 12x9.21 =55.3 (cm?)
(ii) Area AABP = %(9.21)2 sin105°= 41.0 (cm?)

(d)  Area of sector = % x 122 x75x %= 94.2 (sz) (accept 30m)

()  Shaded area =2 x area AOPB — area sector = 16.4 (sz)



32.

33.

(@)

(b)

(c)

(d)

(@)

(b)

(©)
(d)

Area of sector OAB %rzﬁ

Area of triangle OAB = %1': siné

Shaded area = Area of sector CAB — Area of triangle OAB
l

=—rf —lr:sin&
2 2

:—Ir'l (@ —sind)
2

Area of the major segment = area of circle — shaded area

( 51 %Yy
=:I'U-: __;r:lﬂ_sing} i=r:f ‘_E sin 7 ]

\" 2772 )

Given ratio of segments is 3:2

METHOD 1
%r:lﬂ—sin&‘h!r:{n—g
= 3f -3sin@=4n-24+2sing
— 58 —5sinf =4n

— Ssiné =560 —4n

. H]
+5in—
=

=% sinuﬁ"=1§‘—4—_II

2
METHOD 2

o S
area of shaded region = %m"

Ly 2
= —r (@—sin@)==nr
2 3

= 5{(f —sinf)=4n
— 58 —Ssinf =4n

— siné! :H—in
5
& =2.82 radians

(i) OP=PQ (=3cm) So A OPQ is isosceles
3°+3° -4 _ 9+9-16 [_ 2)

(i) cos OPQ =

1
2x3x3 18 18 9
(iii) sin’4 + cos’ 4 =1 = sin OPQ = - L =,/@ _v80
81 81 9

(iv) Area triangle OPQ = %x OPxPQ sin P= % (£20) (=4.47)

(i) OPQ =1.4594...= 1.46,
(i)  Area sector OPQ = %x32 x1.4594...= 6.57

A n—1.4594...
QOP = ————=(

=0.841), Area sector QOS = %x 4%x0.841=6.73

Area of small semi-circle is 4.5 (= 14.137...)

Area = area of semi-circle — area sector OPQ — area sector QOS + area triangle POQ

=451 - 6.5675... — 6.7285... + 4.472... = 5.31



34.

35.

(a)
(b)
(©)

(d)

(e)

®

(2)
(b)

(©
(d)

cosine rule; 4° =3* +2% —2x3x2cos AOP = AOP =1.82 (radians)
AOB =2n - 2(1.82) =2n — 3.64 = 2.64 (radians)

First find APO

Either using cosine rule 3> =2 +4> —2x2x4cos APO = APO=028127...

,4 — 3 APO = 0813
sinl.82  sin APO

APB =2 x 0.813=1.63

Or using sine rule

(i)  Area of sector PAEB = %><42 x1.63 =13.04 (sz)
(il)  Area of sector OADB = %x32 x2.64 =11.9 (cm?)

Area of triangle OAP = %x3 x2sin1.82 =2.907...

AOBP =2(2.907...) = 5.81 cm”.
(i)  Area AOBE = Area PAEB — Area AOBP (= 13.0 - 5.81) =7.23
(il))  Areashaded = Area OADB — Area AOBE=11.9 -7.23 =4.67

(accept answers between 4.63 and 4.72)

6=80< AOC =0.75

area of triangle = % x 8 x 8 x sin(0.75) = 21.8...

area of sector = % x 64 x0.75=24

area of shaded region = area of sector — area of triangle =2.19 cm?
(or directly area of segment = = % x 82(0.75 —sin0.75=2.19 sz)_
45 = % x 82 x § = COE = 1.40625 (1.41 to 3 sf)

EOF =n—0.75 - 1.41= 0.985

EF = \/82 +8% —2x8x8xc0s0.985 =7.57 cm  (other methods are also possible)



