PROJECTILE MOTION Kinematic Equations

We begin with the basic assumption of a constant acceleration. Using x as a generic displacement
variable, we can write
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Since we need the velocity anyway, we can just use the first-order ODE for the velocity. Integrating this,

v(t) =vp + at

For the time-dependent displacement we then integrate again to get

1
X(t) ;= x0+v0t+E at2

This is the general format. Now we make this specific to the projectile motion situation. As usual we
take the horizontal to be x and the vertical is y.

The key is that the x and y motions are independent.

We also need to resolve the initial velocity into its x and y components. With the initial angle 6,
measured positive counterclockwise from the local horizontal, we have

x(t):x0+v0tcos(e)+%axt2 Y(t):yO+VotSin(9)+%ayt2

Usually we define the coordinate system so that the initial x is zero. The x acceleration is also zero
since no force acts in that direction. The y acceleration is g, and usually y is positive upward, so the y
acceleration is negative. This gives the results for projectile motion:

X(t) = Vot COAB) y(t) = yo + VO t Sn(e) _ % 9 t2
VX(t) = VO COie) Vy(t) = VO gn(e) — gt

Note that the x-velocity is constant, and the y-velocity changes linearly with time. Conditions we
can use in solving problems are: (1) the y-velocity is zero at the top of the trajectory; (2) the y
coordinate is zero at the end of the flight (the coordinate system can always be selected to make
this so). It is the case that the analysis is much simpler when the initial y is zero.

This is a set of parametric equations, with time as the parameter. We can of course eliminate t to find
y(x), to describe the motion, and this will be the subject of another paper in this series.

(c) W. C. Evans 2004



