Polynomial Overview

Polynomial Operations and Factoring

(Including the miscellaneous facts not usually presented.)

When doing algebra problems, one must work with many forms of polynomials—algebra problems are
built from them. A monomial, the simplest form of a polynomial, consists of a coefficient (the numeric
value) or the product of a coefficient multiplied by one or more non-constant variable(s). Here, we will
discuss the different polynomial formats starting with the monomial, the building block for all

polynomial (algebraic) forms.

1. Monomials (These are building blocks of all polynomials.)

x° =1,if x # 0; 0° is undefined!

Definitions: (a) A monomial (term), it can also be called a power product, is an algebraic expression

consisting more or less of a coefficients (unique numeric values),
. *
variables, and exponents (exponents must be whole numbers’, not

A Monomial

- ) . Lo coefficient exponent
variables); (b) a polynomial which has only one term. (¢) A monomial is /
a product of coefficient and/or various variables: i.e., %5
51, 5n, 2x, 158, w, 3xy, 14x3y, -43, 0, xy3z, x"y?z, |-7, ... T
. . . . . . base
Monomials can only factor into their relatively prime or prime parts: variable

14x3y = 2¢7exexex?y, 5en, -1+43, 17, or X°y*y*y*z, ...

There are some things you cannot have within a monomial: you can't add

A coefficient is the number of times a
base and its exponent are add together.

or subtract any parts; divide by a non-constant factor (variable); raise a An exponent is the number of times

non-constant factor to a negative or variable power; and you cannot take
absolute values of non-constant factors. Examples of non-monomials:

1 _
x+7,x-3,;,y2

Definition:
b = { b,b =0
—-b,b <0
Absolute Value is a distance. It
strips the condition modifier signs
from all values. The values are
neither positive nor negative.
[*7|=7 and [7|=7
If a number has a sign (+ or -), it
is a directed number.

Directed numbers are a distance
from zero on the number line.

Absolute values have no direction.

the base is repeatedly multiplied.

Remember all single variables have a
coefficient of 1 and an exponent of 1

1 3 that are not normally displayed.
— -15x2y.25% X y =1exl
or —, -15X7Y, ) s [x], X , r=Lex
y z x-3 Unwritten coefficients or exponents

have a value of one, 1

Like Monomials have the SAME variables

and exponents of those variables. The coefficients on the terms can be
different.

3z5yx? + 8yx?z° = (3 + 8)x?%yz® = 11x%yz°
Like monomials will simplify to single monomial term.

The Standard Form for a monomial is when there is a single numeric value,
and all variables with exponents are written in alphabetical order.

The Degree of a Monomial is the total value of the exponents of all its
variable elements. The degree of the monomial 3xy°bh3is 9 (=0+ 1+ 5+ 3).
Or count the variables in factored form 3exeysysysyeysbsbeb. (Note: 3h3xy° is
standard form.)

Polynomials are formed when adding and/or subtracting monomial terms
in the simplified form.

https://examples.yourdictionary.com/examples-of-monomials.html

http://content.nroc.org/DevelopmentalMath/COURSE _TEXT2 RESOURCE/U11 L2 T1_text final.html

Natural (Counting) numbers: N ={1, 2, 3, ...} @ denotes the empty set, the set with no members
“Whole numbers: W= {0, 1,2, 3, ...} Q denotes the set of rational numbers
Integers: Z={...,3,72,71,0,1,2,3, ...} R denotes the set of real numbers

. . . . 4 . L . .
Rational numbers are all possible fractions including integers, 4 = T include terminating and repeating decimals.

Irrational numbers have decimal values which do not repeat or terminate, =, \/i, \/§, Vv13,2.121122111222333....
Real numbers include all Rational and all Irrational numbers.

There is an additional set of numbers called the Imaginary Numbers (not HSE tested); i = v—1 is a factor of all.
The Real Numbers plus the Imaginary numbers are called the Complex Numbers.
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Circle the valid monomials.

9s*tu? 2gh+g —-xy’z% =xy?2 A -x2 |-5xy?z2 —5xPy|z|
Write the degree of each monomial. i 8
1) xy?z2 2) -9p?g? 3) 2g°h3 ¢ (&
s (¢
v (T
4)  -6c 5 —5st?u®>  6) 8m°n° 6 (1
[9 °¢ ‘1] :s[erwouon

Not all sums are monomials, state this when found. Add the following monomials. If

ce 9

there is a ,” replace with a “+”.

D —y*+4y° 2) 11n+9n 3) 8wS, 8w o s

abdgr— (L
qBS +qBt- (9
Abdpz- (s
POAET- (¥
dbeg- (€
4) 2s,—9s 5) —12pq3r?,12pq3r> 6) 5ab?,4a’b MeAp EZ
qL—9oqe (I
uopgoenqns
Qez- (6
U380 (8
abdZz1— (L
qes +qey (9
7) —13pqr, Spqr 8) 24g3h3,—4g3h3 9) 3ab?, —5b%a Z "0 (s
sL.- (v

MIT (€
upz (¢
A= kv (1
uonIppy

Not all differences are monomials, state this when found. Subtract the following monomials. If there

(Y344 (X324

is a “,” replace with a .
1) (=7b) — (—ab®c) 2) 15v3w? — 11v3w? 3) q*r3 — 34q*r3

4) (—16b%c*d) — (—3b3%c*d) 5) —12pq3r2,12pq3r? 6) 5ab?,4a’b

7) —13pgqr, gpqr 8) 24g3h3,—4g3h3 9) 3ab?, —5b%a

Page 2 of 31 07 Polynomial Overview Created by A B Cron ©2022-2035




Multiply the following. When multiplying like variable, add exponents (d3 « d? = d°).

1) gqé’rs X 72q°

1 3 8
4) ——uvt* x=ux —-v3
2 4 3

3
7) 5m?n3 x _—4mn7

Find the missing monomials.

1)

2) —4p7

3)

4) 8p°q°
5) 4md3n__
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2) —7y?z3 x 7y32z2

5) §c5d xzcd6

8) —4c3 x gcf5

5m =

mn°p =

07 Polynomial Overview

5
3) grs3t2 X 64r3st3

6) —457r3s X gs

9) 12b*c3 = 3b*c3

—96x7y?

68v12

—35m’n

—64p12q12

—32m*nbp*

g- pue d
(bydg-
u, i/ -
ALT-
Agxz[
S[eIWIUO]A] SUISSI
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€
sFp25—
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U U — —
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Definition of a Real Polynomial Expression
A polynomial expression has the form: a,x™ + a,_;x" 1 + -+ + a,x? + a;x + a,

where the coefficients a,, a,_1, Ap_2,-...,

as, a,, a4, ag are real constants and » is a whole number.
{Expressions do not have any relation symbols like =, <, >, <, >, or £.} 4x°

—2x*+3x-5

Definition of a Real Polynomial Equation
A polynomial equation has the form: f(x) = a,x™ + ap_ X" 1 + -+ + a,x? + ayx + a,

where the coefficients a,,, a,_1, n_»,...,

as, a,, a4, a, are real constants and » is a whole number. {All

polynomial equations can become functions by getting all terms on one side of an equal sign, =. No

function crosses the y-axis more than once. All functions have the relation symbol, =. Note: y =
—2x>+3x-5

place of the f(x) = .} f(x) = 4x°

1S in

Expressions

Examples of sum(s) and/or difference(s):
Monomial Expressions have no + or — signs.
Binomial Expressions:

x +y, sum of monomials

x —y, difference of monomials
Trinomial Expressions:

X + vy + 3, all sums

X + y — 3, a sum and a difference

X —y + 3, a difference and a sum

x — y — 3, all differences

An expression has n — 1 operators for its n-terms.

Equations and Inequalities

An equation has an expression = to another expression.

An inequality has an inequality sign replacing the =.

Definition of a Real Polynomial Inequality

A polynomial equation has the form: f(x) < a,x™ +

A1 X"+t ayx? + a;x + ag

Similar to equations but with any of the inequality signs <, >,
<, >, 0r £

Definition: Degree of a Monomial

The degree of a monomial is the total value of the exponents
of all its variables.

Definition: Degree of a Polynomial

The degree of a polynomial is determined by the monomial
with the highest degree of all the individual monomial terms
in the polynomial. If all (or group) are equal, alpha order is
used: (3x? + 4y? + 3xy each term has degree 2, correct order

is 3x + 3xy + 4y2))

Key Points

A polynomial is of the form: a,x™ + a,_x" ' + a,_;

x4 b ayxt +agx + aq

e The degree of a monomial is the total value of all exponents of its factors.

e A polynomial is the sum and/or difference of monomials.

e The degree of a polynomial is the highest degree of the highest degreed monomial.

e When finding the degree of more intricate polynomials, we do not need to expand all the brackets. Instead, consider
what the highest exponent would be as a result of the expansion.

(ny4)5 — 25X5
Monomial is a polynomial of one term.

Binomial is a polynomial sum or difference two

terms.

y20 = 32x°y20 has a degree of 25.

Coefficient Concepts
The coefficient is the number of times a value is
added in a list of the same values.

X=X+ X+ X

Trinomial is a polynomial with the sum(s) and/or 5X =X+ X + X + X + X

difference(s)" three terms.

Polynomial of n terms is used for all other sum(s)

and/or difference(s) terms.

Definitions used in this document:
Constant: any numeric value that does not change
Constant Expression: an algebraic expression

with no variables in it.

X+5Xx=X+X+X+X+X+X+X+X

3x + 5x = 8x

5 -3x =X+ X+ X+ X+X

5x - 3x = 2x

Remember all single variables have a coefficient of 1

and an exponent of 1 that are not normally displayed.
x=1ex!

An expression has n — 1 operators for its n-terms.
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Coefficients: the constant value of a monomial; number in front of variable(s); if you do not
see a value, the value is 1. If -x, the coefficient is -1.
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Degree: the sum of the exponents of all variables in Exponent Concepts
a monomial; Strength of exponents An exponent is the number of times an element is

Exponents: powers of numbers or variables; for multiplied in a list of the same elements.

. - . 3 =
variables without an exponents, it is a one, 1. X" = I

X°=XexeXxeXxex

. -V .
Even vs Odd Functions:" are determined by the G exS = KON O X exXoXoXoXe X
degree of function. x3 e x5 = x3*5 = x8
. . . XeXeXxXeXxeXx
Odd functions cross x-axis (1,2, 3, ..., n) X5+ )= =’
Even functions may have {0, 1,2, ... ,n} X5 = x3 = x53 = x2

crossings of the x-axis depending on the degree

of the function, n. The value of the degree of a function equates to the number of

solutions of the function.

Examples on HSE exams: most linear functions are odd—1 solution; all quadratic

functions are even—O0, 1, or 2 solutions. These are the only types of functions tested.
Imaginary Numbers: numbers which occur when you need to get the square root of a

negative number (not tested on GED®, but it is important knowledge.) v/—1 & i

Integer: A number that is neither a fraction nor a decimal; the counting numbers, the

negatives of the counting numbers, and 0. {...,-2,-1,0, 1, 2, ...} integers
Irrational Numbers: cannot be written as a ratio, their decimal parts never repeat a pattern
Like Terms: terms having same variables-exponents patterns
Negative Integers: An integer less than zero {..., -3, -2, -1} negative integers
Non-Negative Integers: An integer that is not negative; 0 and all positive integers {0, 1, 2,

..} ak.a., whole numbers

Non-Zero Integers: all of the integers except zero {...,-2,-1, 1,2, ...}
Positive Integers: An integer greater than zero {1, 2, 3, ...} natural numbers

Rational Numbers: numbers which can be written as a ratio (fraction), the numerator can
integer

be any integer and the denominator can be any non-zero integer. :
non—zero integer

Rational Expression: the ratio of two polynomials (denominator # 0) polynomialp
polynomial q

Standard Form: Writing polynomials in such a way that the highest degree comes first then
in descending order by degree. Variables in the same term are written in alphabetical
order. Also, the writing in descending order eliminates the highest initial variable terms
before looking for the next highest degreed term to write. (Probably not formally tested.)

Terms: an alternate name for monomials elements

Variables: Any letters used to hold the place of numbers, non-constant factor.

Zeroes of the Function: The locations where the function crosses the x-axis (x-intercepts).

YOn HSE tests, the only odd functions are either linear (1 solution) or cubic functions (0, 1, 2, or 3 solutions); the
only even function is a quadratic function (0, 1, or 2 solutions).

Natural (Counting) numbers: N ={1,2, 3, ...} @ denotes the empty set, the set with no members
“Whole numbers: W= {0, 1,2,3, ...} Q denotes the set of rational numbers
Integers: Z={...,3,72,71,0,1,2,3, ...} R denotes the set of real numbers

. . . . 4
Rational numbers are all possible fractions including integers, 4 = "

Real numbers include all Rational and all Irrational numbers.

* https://dewwool.com/difference-between-rational-and-irrational-numbers/
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Factoring Monomials
1) Which of the following are the factors of 2x2?

a) 2 b) 4x ) X d) x? e) 2x°
2) Which of the following are the factors of 30a’b?
a) 6ab b) 10a> ¢)a’ d) 4a? e) b?
3) Which of the following are the factors of 8m°n3? (49 0 qn)
a) mn? b)4m’n ¢)3m d) 2n? e) m’ {qzeiégiigﬂgiii
4) Which of the following are the factors of 16x?yz? {q”?é;"iiﬁig
a) 4xyz b) 2xy C) Xz d) 12 €) Xyz W ?{L;B‘ézé?l};}zg ©
5) Which of the following are the factors of 20pr>? zg E :E EE
a) 2p b) 6pr ¢) 5r d) 8r e) pr’ e

6) List all possible factors of 6ab; there are many possible factors.

Distribute —to share a factor over addition or subtraction
Factor —to find shared factors over addition or subtraction

Definition in Words

the same results as multiplying each element of the
sum (or difference) multiplied individually by the

Multiply the sum (or difference) of two or more values produces

Algebra Problems
Distribute

1815 = 18(10 + 5)
= 18610+ 185
=180 +90
=270

25415 = (20 +5)(20 - 5)

Factoring
=20e20 — 2005+ 5020 -5e5

Numeric number and products are added together.
Algebraic
5(3+6)=5(9)
5e3+5e6=45 . . . Distribute
15+ 50 = 45 Distributive Property a(b + ) — ab 4 ac
45=45 -_— a(b — c) = ab — ac
a(b + c)=aeb + aec —_—
5(3 — 6)=5(-3) - Factor
5e3 —5e6=-15 a(b —c) = aeb — aec de + df = d(e + f)
15 - 30=-15 ~— de — df = d(e — f)
-15=-15 ~f—
Examples

3(4x 4+ 5) = 3e4x | 3e5
=12x + 15

Mental Math

=400 —25
=375

18x + 27 = 9(2x + 3)

6x* — 15x = 3x(2x — 5)
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2. Binomials (Multiplying binomials are in Section 11. Simple binomial factors are below.)
A binomial is an algebraic expression of the sum and/or the difference of two terms (monomials); a
polynomial that is the sum/difference of two terms, each of which is a monomial, i.e., 5Sb + 4, 3xy + 4x’y,

—V131 + xy3z, 2x3 — 8xy’

Standard Form for a binomial is when the highest degree term is first. 5b + 4 is in standard form. The

other three would be: 4x*y + 3xy, xy3z — V131, and —8xy” + 2x3. If two monomials have same degree,
follow alphabetic order. Always use standard form in final answers.

Binomial forms can be factored if they have like factors in each terms:

e 5b+4is not factorable.

e 3xy + 4x’y has some common terms, they are x and y. The factors x and y can be factored:
4x3y + 3xy =x y (4x* + 3).

e This binomial xy3z —+/131 is not factorable as the terms have no common factor.

e This binomial 2x3 — 8xy” is factorable as 2x(x? — 4y”); in standard form is —8xy”’ + 2x3 and
factors as 2x(—4y’ + x?).

e Knowledge of factor list or factor pairs in each coefficient is needed to expedite the factoring:

For #1 knowing that largest shared factor is 3 in each coefficient tells us what to factor out of each
one. 6: {1,2,3,6} and 9: {1,8, 9}

Factoring Binomials (This is using the inverse of the distributive property to find the common factor in both

terms.)
1)6x+9
§2x +3)
4)-18b — 48
7) 44p + 11q
10) 5v-35

Page 8 of 31

2) 20y — 57 3) 3x + 6y

(ZL + AX9)ZAXPT "T1
(=N sIgT 11
(1-2$ 0

@+bo)pr -

(9 +m9)L

(b+dp)11
5)2n-2 6) —64m — 40 (< + wg)g-
(1-we
(8 +9£)9-
(A7 +%)¢
(z - &p)s-
(¢ +x0)¢

[*)}

— NNt NS~ ©

8) 42 + 35w 9) 70q + 14r

11) 451°s%u — 15rs*u’ 12) 144x'2y57° + 168x°y*z®

Section 13 covers binomial factoring of the difference of two squares.
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3. Trinomials Find the Common Factors (Sce Section 14 Factoring Trinomials)
A trinomial is an algebraic expression of the sum and/or of the difference of three terms
(monomials); a polynomial of three terms or monomials:

i.e., 5n-2x + 158, 3xy - 4x’y + -43, —V131 — xy3z+x

Standard Form of a trinomial is when the terms are written in descending degree order. The
only trinomial above in standard form is: 5n - 2x + 158. The other two would look as
follows: -4x’y + 3xy + -43 and —xy3z + x — /131 . If two or more monomials have same
degree, follow alphabetic order.

Trinomials can have common factors, these like factors in each of the three terms can be
factored out to simplify them, none of these examples above are factorable.

In 3x’y + 6x°y? - 9xy?, each term has the monomial 3xy as a factor, it factors as follows:
3x%y + 6x%y? - 9xy® = 3 x y (x* + 2xy - 3y?)

The factoring of common factors from all terms many times simplifies algebraic expressions
for other factoring methods. Factoring trinomials which are the product of two binomials is
covered in Section 14. The sum and difference of the coefficient’s method is a tool to find
the solutions to factorable equations. A second tool for trinomial called the quadratic

formula:

X = %:_W. These and other methods will be discussed later.

Factoring Trinomials by finding the common factors in all 3 terms, write final answer in
Standard Form.

1) 39u—52v+13 2) 40b — 80c — 40d %
i
=

fQEQfE
> = T —

3) 49u—63v + 28w 4) 66g +22h — 44 TESLTR

EoL2El

5) 12r%s — 15rs> + 18rs 6) 121x°y%7° + 44x2y*z° — 55x5y3z*
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4. Polynomials of n terms
A polynomial is an expression consisting of variables and coefficients, that involves only
the operations of addition, subtraction, multiplication, and non-negative integer exponents.
of variables. If division by a variable is indicated in any term, it is NOT a polynomial.
Sections 1-3 describe the simple polynomials. While there is no limit to the number of
terms in a polynomial, a polynomial is said to be "simplified” if all like terms are
combined and there are no parenthesis or other grouping symbols in use.

5. Degree of a Polynomial (Review and Problems)
The degree of a monomial is the sum of the exponents of all its variables.
The degree of the monomial 75 1s 0 (constants have degree 0).
The degree of the monomial 144m is 1 (=0 + 1 since the power of m is 1).
The degree of the monomial 3xy°bh3is 9 (=0+1+5+3).

The degree of polynomials of more than one term is the degree of the monomial with the
highest degree. This monomial is written first.

There are some things you cannot have within a monomial: you can't add or subtract any
parts; divide by a non-constant factor (variable); raise a non-constant factor (variable) to a
negative or variable power; and you cannot take absolute values of non-constant factors
(variables). Examples of non-monomials:

x+7,x-3, ,y (W}7 -15 x2 Y, 257" 2 3th DTTM?bb>O
p={bb=

—b.b <0

Some of these terms are not monomials, identify and circle them first. Then
write the degree of each monomial (no variable has a value of 0).

1. 2u’v’w 6. —/136
2. -125x 7. 2%
3. 478 3 m
4. -x? 9 512
preaut (01
5. 65%tu’ 10. beid? UG
preau (L
0 (9
6 (s
7 &
0 (¢
1 (€
6 (1
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6. Standard Form of Polynomial Expressions

The Standard Form of the polynomial of ‘n’ is:
A, x™ + a,_1x" L tazxd + ax? + ayx + ag

y> =3yt +y -y
How to get a random polynomial in standard form:
o Step 1: Write out the terms. {Ensure every term is a valid monomial.}
o Step 2: Group all the like terms and simplify them.
« Step 3: Locate the exponents in the terms.
o Step 4: Write the term with the highest exponent first.
« Step 5: Write the rest of the terms in descending order of exponents, once all terms with
that variable, start with the next highest term.
o Step 6: Write the constant term (a number with no variable) in the end.

Place the polynomial in standard form. If not a polynomial, indicate this.
7x%yz — x* — y* + 8x%yz + xy

a3bc + bc* + 9a’7c — 2¢c — 6a

pP—q* - —+gq
p

u
7uv — V3w + —

V8

| QO

s*t — 3tu® + 9s° I

® <

+r s

ES +
[ g ® 127
N + &

N |
w5
S L
: : : . + So T
While these are not testable items on the HSE exam, learning these ideas can help match to S % 2+
the correct solutions on multiple choice questions. “}5 o E T @
= a6
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7. Adding and Subtracting Monomials

Monomials can be added/subtracted if they are like monomials (compatible), like 18 and
32 are the same type. 18 +32 =50, 18 — 32 =-14, 32 — 18 = 14, etc. Other monomials have
variable(s) multiplied by the number, as long as each monomial has the exact same
variables (they do not need to be in the same order.) 3x + 5x = 8x, 15xy — Syx = 10xy (this
1s possible since 5xy = Syx since the difference is an example of the Commutative Property
of Equality, and each monomials is a power products.) Note: In the end, it is common to
write all monomial variables listed in alphabetical order for easier understanding or
matching. When there are mixed powers, the monomial parts are written in descending
order of the powers of the variable with the greatest value.

Some answers may not have monomials solutions, circle the statement. Add these

€ 9

monomials. (Replace the “,” with the operator “+”, when needed.)

1) 2u+—-7u 2) —a’ + 3a? 3) 6x + 14

4) —4m, —5m 5)-3¢3, ¢? 6) 9p*, 2p°

<zl (21

20z (11

17 — 18- ‘PIeAu] (01
ZIT (6

7) —t, 2t 8) 17v, —17v 9) 72°, 47° N 8
46 + odz ‘preau (9
oze (S

we-  (

¥1 + X9 ‘preaur (¢
®T (T

ng- (1

10) -21, -8k 11) 14c, 15¢, -9c¢ 12) 72°, -42°, 172°, -82°
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Some answers may not have monomials solutions, circle the statement. Subtract these

monomials. (Replace the “,” with the operator “—", when needed.)

G

1) 2u— (—7u) 2) —a’ - 3a? 3) 6x — 14
4) —4m, —5m 5) -3¢, ¢? 6) 9p*, 2p®
7) —t, -2t 8) 17v, —17v 9) 723, 4z7°
10) 21, -8k 11) 14c — (15¢ —-9¢) 12) (72° — -47°) + (-172° — -87%)

Xz (21

201~ (11

17— 8 ‘Preau] (01
z¢ (6

ApE (8

(L

246 +dz- (9
Q- (S

W &

¥1 —x9 ‘prreau (¢
2 (T

ng (I

Page 13 of 31 07 Polynomial Overview Created by A B Cron ©2022-2035




8. Adding and Subtracting Polynomials
Polynomials are made up of monomials to create various expressions which can then be added or
subtracted (or even multiplied.) If you have polynomial with compatible monomial terms, you can
simplify the sums or differences. Note the different underling pattern of the like (compatible) terms.
{When there is + in front parenthesis, the terms inside do not change signs; however, if the parenthesis has
a leading minus sign. all signs within that parenthesis change to their inverse values.}

(3a+ BB E3) + (5a + 158 512) - 8 + BOB £15 a-b=a+(-b)
3a+ 5b+ (=3)+ 5a+ 15b + (—12) (clear parenthesis) 5-6=5+(-0)

3a+5a+5b+ 15b+ (—3) + (—12) (reorder terms, commute order)
8a + 20b +(—15)=8a+ 20b— 15 (simplify like terms)

(4xy - +3) - QyxF 6y —3) =2xy - = 6y + 6 (show the steps like above)

1) (2x% +4x +3) — (-6x3 + 3 - x2) 2) (-7c*+14c) + (-2¢ + 4c?)

3) (-10m> + 5m + 3m?) — (5 + 6m* - 2m) 4) (-7b% +11b) — (-b + 2b%)

5) (9a° - a + 2a’) — (5a* + 3a° + 2a) 6) -4b* + 5¢* — (-5¢% + 6b%)

Q0T +¢901- (9
95*59Z+V99*599 (g
qzl +¢96- (v
§—wy - wg + w9~ (¢
oTI +49¢- (T
X+ (XE + X9 (]
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9. Multiplying Monomials

When you multiply monomials, first multiply the coefficients and then multiply the
variables by adding the exponents. Note that when you multiply monomials with same

base, you can add their exponents. This is called the Product of Powers Rule.

(3xy) (4x3y) = 34 * xox> ¢ yoy
= 12x%?

¢e 9

Multiply these monomials. (Replace the “,” with the operator

66.7’

1) 2u(=7u) 2) (—a?)3a2 3) (6x)(14)
4) —4m, -5m 5)-3¢%, ¢? 6) 9p*, 2p°
7) —t, -2t 8) 17v, —17v 9) 72°, 42°

0282 (6
A68C- (8
At (L
0981 (9
9°€' (S
oz (v
xp8 (¢
VB{— (Z
1= (1

Methods of Multiplication: Traditional, Box, and Distribution (FOIL).
25 25 x 43 Box Method
x43 x |40 | 3 | 43
75 20 | 800 | 60 | 860
+100 . 5 | 200 | 15 | 215
1075 25 | 1000 75 | 1075

Here is another algorithm using distributive property sometimes called the FOIL method but without the arrows:

25 x 43
(20+5) (40 +3)
20040 +3)+5(40+3) distribute 20 and 5 to the (40 + 3) expression
20x40 +20%3 + 5x40 + 5%3 (F.O.ILL.)
800 + 60 +200 +15 =1075

The values are reminiscent of the box method. Also, use this method with any multiplication you want:

348 x 1,459
(300 + 40 + 8)(1000 + 400 + 50 +9)
300x(1000 + 400 + 50 +9) + 40%(1000 + 400 + 50 +9) + 8x(1000 + 400 + 50 +9)
300,000 + 120,000 + 15,000 + 2,700 + 40,000 + 16,000 + 2,000 + 360 + 8,000 + 3,400 + 400 + 72
507,732
BTW, this methodology applies to the multiplication of all polynomial expressions.
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10. Multiplying a Monomial with a Binomial or Trinomial

When you multiply monomials, first multiply the coefficients, and then multiply the variables by adding
the exponents. Note that when you multiply monomials with same base, you can add their exponents.

This is called the Product of Powers Property.

(12x2%y3) (—3x3 + 6y)

(A2¢-3ex’ex3eyd)+ (12062 x’ey’ey)

36 ¢ X2 ey + 72 0 x2 eyl

3x2y (2x? — V5xy + 3y?)

-36X5y3 + 72X2y4 3x2y °«2x2 — 3x2y N \/gxy + 3x2y . 3y2

2xy (5x2 + Véxy — 3y?)

3e2x2x%y —3eV5x?xyy +3e3x%yy?
6x2+2y — 34/5 x2+1 y1+1 + 9x2 y1+2

I ( ; 6xty — 35 x3y% + 9x?%y3

2xy o 5x2 + 2xy ¢ V6xy — 2xy  3y?
205xx2y —2-V6-x xyy—2e3xyy?
10x1+2y _ 2\/8 x1+1 y1+1 o 6Xy1+2
10x3y — 2v6 x%y? — 6xy°

—4x3y (2x* — 12xy + 8y3)
—4x3y o 2x* — (—4x3y) e 12xy +
—4e2x3 xty —(—4)e12x3xyy

_l_
_8x3+4y o (—48) x3+1 y1+1
—8x7y + 48 x*y?
Notice the use of the Calculate 46 x 39
box method to N
multiply 46+39! ;-c 40 [ {40+ 6HI0 ~ 9) 4 6
ply 30 | 1200 | 180 1380 =7 x 39
9 360 54 414 = 1200 + 180 + 360 + 54 4 1 4
The box method 1794 I 3 8 0
can be used to 1794 17 9 4
eXpand and Slmphfy Expand and Simplify (4x + 6)3x +9)
a binomial product: - _ ———
(4x+6)(3x+9) [ x| 4x | 6 | {dx + 6)(3x = 9) dx + 6
[3x ] 12x7 | 18x | 126"+ 18x | S . 3 )
9 | 36x | 54 36x + 54 = 12x* + 18x + 36x + 54 I6x + 54
] 127+ 5dx + 54 | 12x + 18x
= 12x7 + 54x + 54 1252 + 54x + 54
And if x was equal fo 10 then. ..
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11. Multiplying two Binomials
Many teachers teach the FOIL Method. However, FOIL only works for the product of two binomials. A
preferred method is to use the Distributive Property of Equality, illustrated on the previous page by
multiplying a monomial times each binomial term; one method for all products. This table shows the
different possibilities of the binomial products. Binomial products can have 2, 3, or 4 terms.

Basic Distribution Common Examples Box Method
(a+b)(c+d) =a(c+d)+b(c+d) x+3)(x+5 =xx+5+3(x+5) (a+b)(c+d)
=ac+ad+bc+bd =x>+5x+3x+ X c d
=ac+ad+bec+ F. O. I. . a ac ad a‘c+ad
F. O. L . =x’+8x+15 b bc | bd | bctb-d
(a-b)(c-d) =a(c-d)-b(c-d) x-3)(x-5) =x(x-5)-3(x-5) ac+tad+bet
=ac-ad-bc+bd =x’-5x-3x+
=ac-cd-bc+ =x*-8x+15
(a+b)c-d) =a(c-d)+b(c-d) (x+3)(x-5) =x(x-5)+3(x-5) | (a-bctd
=ac-ad+bc-bd =x?-5x+3x - X C d
=ac-cd+be- =x*-2x-15 a | ac | ad | actad
(a-b)(c+d) =a(c+d)-b(c+d) x-3)(xt5 =xx+5)-3(xt5) -b | -b'¢ | -b:d | -b-c-b-d
=ac+ad-bc-bd =x’+5x-3x - ac +ad - be -
=ac+cd-be- =x’+2x—-15
The color coding above matches that for The color coding above matches that
F.O.L.! .. below. for F.O.L! .. below.

Reversing the process above is called factoring. On the HSE exams, factoring a trinomial product into its
original binomial factors is a common requirement. A deep examination these examples allows us to find a
method to accomplish the common feat.

F.O.L.L. Method can make a “Happy Face”, only for binomial factors. Factor pairs of 420

{1,420} | Look for a factor pair

Bx+5)@x+7)= 3X'4X + 3X°7 + 5°4X + 5e 7 {2,210} | which adds to 41

middle term). The
= 12X + le + ZOX + 35 ¥ 13, é40} Eatio of ‘a’ to)each of
= 12x?2 + 41x + 35 15, 85} the p?.lil.' provides the
{6, 70} coefficient and
F.O.1L.L. can be done without making the (3x +5)(4x + 7) {7, 60} constant of the
“Happy Fai:e” using (li(istributive 3x(4x +7) + 5(4x + 7) {10, 42} binomial factors.
property (always works). 3x-4x+3x-7+5-4x+5- 7) {12 values of ‘a’ and ‘¢’, x 460
¥ Note: 12 * 35 =420, two other factors of F O I L {14, 30}
420 are 21 and 20, whose sum is 41. 12x% + 21x + 20x + 35 {15, 28
This is a clue as to how to factor trinomials 12x?% + 41x + 35 ’
which are binomial products. The ratio of ‘a’ {20, 21} addends for ‘b’, add 41

to each of these addends yields the coefficient and constant of each factor. (Page 17)

e Factors of 420:

~
{1,2,3,4,5,6,7,10, 12, 14, 15, &21, 28, 30, 35, 42, 60, 70, 84, 105, 140, 210, 420} The ratio of coefficient ‘a’ to each

of the sum addends provide the

{{, 420), (2, 210), (3, 140), (4, 105), (5, 84), (6, 70), (7, 60), (10, 42), (12, 35), (14, 30), coefficient and constant term of

(15, 28), (20, 21)} each factor.
a a
—— and ——
e Prime Factorization 0of 420 : 2 x 2 x3x5x7=22x3x5x7 addend#1, Jddendiz
Most binomial multiplications result in trinomials; however, there is a binomial 0 5 and 17
product which results in new binomial (Page 19). These binomial products are (3x + 5)(4x + 7)

identified by being the difference between squares, it is the product of the sum and

difference of two values.

(x+a)(x—a) =x*>—ax+ax + a?
x2—a*= (x + a)(x—a)
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Find the product of the following binomials.

1. (x + 3)(x + 3)

4. 2x+3)(x+4)

7. (2x2 + 1)(x + 12)

10. (x + 3)?

13. (5x + 2)(5x + 8)

Page 18 of 31

2. (x = 3)(x —3)

5. (3x — 4)(x - 8)

8. (x>~ 2)(x2 - 5)

11. (x — 32

14. (5x — 2)(5x — 8)

07 Polynomial Overview

3. (x +3)x-3)

6. (5x + 8)(5x —8)

9. (x —3)(x +3)

12. 2x + 3)(x - 3)

15. (5x + 2)(5% — 8)

91 — X0€ — XST (S1
91 + X0S — X$T (1
91 + X0S + ;XST (€1
6—x¢—x¢ (T1
6+%9—X (11

6+ X9+ X (01
6_ZX (6
OI_ZXZ_ng_gx (8
T1+XST+xT (L
¥9— XSz (9
TE+X87—X¢ (¢
TL+XIT+¢xC (v
6—¢x (€
6+%9—X (T
6+%9+ X (I
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12. Multiplying Other Polynomials

Binomial times a Trinomial

2
é\\ X 5x 7x -3

(4X2 - 3)(5X2 + 7X - 3) 4x* | 4x?-5x% | 4x2Tx | -4x23
-3 | -35x% | -37x | -(-33

Ax*(5x> + 7x - 3) - 3(5x* + 7x - 3)
4x%-5x% + 4x2Tx - 4x%3 - 3-5x* +-3-7x - (- 3°3)

20x%2 +28x* - 12x% - 15x%-21x + 9
20x*+28x3 -27x*-21x+9

Trinomial times a Trinomial

(x? - 4x +3)(5x% + 10x - 5)

x*(5x2 + 10x - 5) - 4x(5x% + 10x - 5) + 3(5x* + 10x - 5)

x%-5x2+ x2-10x - x*5-4x-5x2-4x-10x-(-4x-5)+3-5x*+3-10x-3-5
5x772 4+ 10x> - 5x2 - 20x - 40x!M + 20x + 15x% 4+ 30x - 15
5x*+10x3 - 5x2 - 20x> - 40x% 4+ 20x + 15x> +30x - 15

5x*+10x3 - 20x° - 5x% - 40x>+ 15x%+ 20x+ 30x - 15

5x*-10x® - 30x? + 50x - 15

This method of distributing elements of one polynomial to the entire second

polynomial works for all polynomial multiplications and reduces confusion. For
these examples, no mental math was used in initial steps for emphasis.

LgXTT — Ay XLT 4 A XT 4 A% + oAX7 + A X9—

(&{XV — Z&ng + i&xz)(gﬂ + Z&XZ — &ng) q
Q + Xq¢ — zxZI - ngI + —Vx6 - 5x8I

(KXpy — A XE + AXT) A + (KXY — A XE + AXT)AXT — (KXt — A XE + AXD)K XE

(T + XS — 7X€ — X9)(S + 7X€) 'V

(T + XS = £X¢ — X9)G + (T + XG — ;XE — (X9) /X¢

HINT: Students need to pay attention to how the simplifications are done as the next level of exercises is
doing the reverse of the above procedures. This process in called factoring. A student's knowledge

of basic multiplication facts (1-16), squares (1-25), cubes (1-10), their inverse operation, and

prime factorization will assist here, greatly.
Expand these:
A. Bx2+5)(6x°-3x2-5x+1)
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13. Factoring the Binomial Difference of Two Squares*
Binomials are polynomial factors with exactly two terms (monomials). Finding binomial
factors can be easily solved by looking at the factors of each term of binomial. The
identical factors are the ones that are the same in each term. This can be applied to every
polynomial to reduce the efforts in factoring.

3ab + 6ac = 3a¢b + 3a*2c the shared factors are 3a in each term.
=3a (b +2c) This is the factored form.

The special binomial which known as the difference of two squares factors as the sum

and difference of the square roots of the terms: x> — a> = (x — a)(x + a).

Examples:

x?—=25=(x—5)(x+5)
x2—5=(x —V5)(x +V5)

9x2 — 25 = (3x — 5)(3x + 5)
5x% — 15 = (v5x — V15)(v/5x + V15)

(x—a)x+a)
x>+ ax —ax —a

x> —a?

Factor each of the following binomials which are the difference of two squares.

1. x2-1

4. 1-36x?

Simplify, then factor.

7.2x%2— 6+ 4x% + 3x% —

9. 75x% — 8(4) — 25x2

2.64x% -4
5. 49 — 4x?
10

8. — 32+ 60x%—4 + 4x2

10. 4x>-7

3.36 — 100x?

6.81x*-9

‘suorssaxdxo paiojoey
AJINJ o1& PIoq Ul Swo)|

(LM +xD(LM-xD) (01
F+x9)F-x5)T (6
(€ + Xp)(€ - Xp)p

(9+x8)(9-%x8) (8
F+x9)-x¢) (L
(1 + x€)(I - X©)6
(€ +x6)(€-%x6) (9
(xz+Lxz-1) (S
x9+1D(x9-1) (¥
(xS + €)(xs -

(x01 +9)(x01-9) (¢

(I + xp)(I - Xp)p
(T+x8)z-x8) (¢
T+(1-%

¥Factoring the Binomial Sum of Two Squares results in imaginary roots (v—1), and it is not an HSE topic.
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14. Factoring Trinomials*
When factoring trinomials, there several ways in which trinomials factor:
1) Whenever polynomials have common factors in every term, factor the term out,
2) Some trinomials are the result of the product of two binomials,

3) Some trinomials are not factorable by any of the above methods. This method requires
the guadratic formula (discriminant) to solve.

To factor a trinomial in the form ax? + bx + ¢, find two integers, r and s, whose product is
¢ and whose sum is “b”. Rewrite the trinomial as ax? + rx + sx + ¢ and then use grouping
and the distributive property to factor the polynomial. The resulting factors will be (x + 1)

and (x + s). If a trinomial is part of an equation the factored trinomial can assist in find a
solution to the equation. (See ¥ in Binomial Multiplication, Page 16.) Factoring a

polynomial is the first step to finding its roots.

. . Keys to factoring polynomials:
Leading coefficient a =1 y nep y ,l ,
1. Understand monomial, binomial,

. el 2 ;
Factor: s% + 13st 4 30t" [Expression] and polynomials multiplication.

1 x30=30 2. Be able to find all factors a value.
Factors of 30: {1, 2, 3,5, 6,10, 15,30} 3. Recognize Difference of Squares.
4. Familiar with binomial products.

to 1
adds to 13 —
Factor pairs of 30: {(1, 30), (2, 15), (3, 10), (5, 6)}

s? +13st + 30t%? = s? + 3st + 10st + 30t?
= s(s + 3t) + 10t(s + 3t) = (s + 3t)(s + 10t)

Factor: z2 — 57 = 16z, the equation must be written in standard form. [Equation|]
z%2 — 16z — 57 = 0 [A function must be equal to zero to be factored.]
1+-57=-57
Negative Factor sets of —57: {1, 3(—}19, =57} or {~1,-3,19, 57}

adds to —16
Factor pairs of -57: {(1,-57), (3,-19), (-1, 19), (-3, 57)}

z>—19z+3z—-57=0
2(z—19)+3(z—-19)=0

(z +3)(z— 19) = 0, since this is an equation, so z has two solutions zero products property.

z+3=0 and z-19=0
z+3-3=0-3and z-19+19=0+19
=3 and z=19

Note: If you cannot find factors to add to “b”, the trinomial is “not factorable”! These
problems are done by quadratic formula, Part 15 Page 27.
¥Introduced in Section 11, Multiplying Binomials
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Factor each trinomial.

1. x>—9x+ 14

4. n>+8n+15

7. x*>—5x—24

10. z2 + 15z + 36

2. a’> —9a—36 3. x?>+2x—-15
5. b2+22b+21 6. c®>+2c—3
8. n?—8n+7 9. m?—10m — 39

11. s? —13st — 30t? 12. y2 + 2y — 35

13.72 +3r — 40 14. x2 +5x—6 15. x? — 4xy — 5y?
14.r2+16r+63  15. v? + 24v — 52 18. k% — 27jk — 90;2
(fog =) (fg +30) 81 9z +a)(T-4) L1 (6+1(L+19]
AT +%) (Ag—%) "1 O+x)(1-% ¥I1 (8-D(c+1) €I
C-HL+K T1 (sT-90T+9) "I1 (1 +2) (£ +2) 01
(c+w)(gr—w) "6 (L-w(1—-u g 8-X(€E+x L
(€+9(0-2) 9 (Iz+9Da+9 ¢ (€-w(E-uyp
C+x(-% ¢ (c+®)(z1-®) T L-9@-%» 1
(SIIOI?m[OS) '[B!U.IOHLH [{329 1010e
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Additional Examples

x*+6x + 8
Find the coefficients (a, b, ¢):
a=1, b=6, c=8
For factoring we examine a-b
1-8=8
Examine the factor of 8 to find two
factors whose sum is b: 6.
8:{1,2,4,8}
Ix 8 2x4
1+8 2+4

x*>+6x+8
x*>+4x +2x+ 8
x?>+4x +2x+8
x(x+4)+2(x+4)

x*>+4x -5
Find the coefficients (a, b, ¢):
a=1, b=4, c=-5
For factoring we examine a-b
1--5=-5
Examine the factor of -5 to find two
factors whose sum is b: 4.
-5: {1,-5} or {-1,5}
I1x-5-1x5
1+-5-1+5

x*>+4x -5
x> +5x—x—-5
x> +5x—x-5

x(x+5)—(x+5)

factors whose sum is b: 4.
12: {1,2,3,4,6,12}
12: {1,2,3,4,6,12}, or
12: {-1,-2,-3,-4,-6,-12}
/

Since,b=-8or-2+-6 or -6 -2
4x% — 8x + 3
4x?% —6x —2x + 3
4x? —6x—2x + 3
2x(2x —3) — (2x —3)
(2x - 3)(2x - 1)

The three without an equal sign are expressions.
The fourth one has an equal sign and is called a
function, it requires additional steps to complete.
If faction does not seem to work, check if the

(x+4)(x+2) (x+5)(x-1)
4x% —8x + 3 x2—3x—4=0
Find the coefficients (a, b, ¢): Find the coefficients (a, b, ¢):
a=4, b=18, ¢c=3 a=1, b=-3, c=-4
For factoring we examine asb: 4¢3 =12 For factoring we examine:
Examine the factors of 12 to find two acb=1c-4=+4

Examine the factors of -4 to find two
factors whose sum is b, -3.
-4:{-1,-22,4} -4:{1,2,-2,-4}
A\ 4 \ N 4
3 -3
x> —=3x—4=0
x>+x—4x—4=0
x>’ +x—4x—4=0
x(x+1)—4(x+1)=0
(x+1)(x-4)=0
Find the solution:
x+1=0 or x-4=0
x+1-1=0-1 or x-4+4=0+4
x=-lor x=4 Setnotation {-1, 4}

discriminant < 0 which shows the expression is NOT factorable. (D = b* — 4ac)
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Solve each equation. Check your solutions, the Zeroes of the Function.

19.a°+3a—4=0

22.y2+y—42=0

25.n% —9n

—18

28.10 + a® = —7a

31.22x — x* = 96

20. x2—8x—2=0

23. k?+2k—24=0

26. 2z + z? = 35

29. z2—57 =16z

32. —144 = g% — 26q

21. b>+11b+24=0

24. 12— 13r—48=0

27. =20x 4+ 19 = —x?

30. x? = —14x — 33

33. x* 4+ 84 = 20x

91 %} 10=(91 -%) (¥ - ¥) "¢¢
{11y fo=(€+0 (1 +% 0¢
6111 0=061-0-%"LC
Or°¢10=01-9(¢+I9 ¥
{e-8t0=(c+ @+ 1T

{81°8} ‘0=(81-b)(8-b) ¢¢
{61°¢c-10=(61-2)(¢+2) 6T
1sL-y0=(s-2)(L+2) 9C
wotio=@-1D0O+) ¢
101 ‘T3 fo=(01-% (Z+%) 02

U SIOMSUB-JISI0M-0-X (- X-SULI0}OBJ-( ¢ /€ (/S | 0 /W00 10dSS0[q 9IINS-SSO[ 18IS /7SN

1919} ‘0=091-%)(9-%) "I¢
{-“T-to=(s+®) (T+®) 8T
9¢t0=09-uw(g—u) g
{9°L-}i0=(+K(9-K) ¢
Ty 0o=@+e)(1-2) 61
(suonnjog) ‘uonzenbo yoea oaj0g
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https://starless-suite.blogspot.com/2015/03/30-factoring-x2-bx-c-worksheet-answers.html

When the leading coefficient a # 1
When the leading coefficient is different from one, most of the same instructions apply, however, you may be required to factor
elements of the sum of the product of first coefficient and constant terms to spread across the coefficients of the terms of the factored

ion. See below.
express1(?))1)1(2 _e;xe f \;, If we multiply a and ¢ (3 * 5), the product is 15. Looking at both factor sets for
— 3x2 _37_ 5x+5 pair to add to -8, the b-value. n n
=3x(x-1)-5(x—-1) 15: {1, 3,5, 15} or {-1, -3, -5, -15} or {(1, 15), (3, 5), (-1, -15), (-3, -5)}
=(x-1)(3Bx-5) -3 + -5 = -8 is where we get the middle term, b, of the quadratic equation.

When the product of two binomials is in an equation with a sum is 0, one or both factors must be 0. a x b,
either a =0 or b = 0 or both are equal 0. (Zero Products Rule)

So, when 3x%- 8x + 5 = 0, factor the left-side first, then set each factor to 0. Solve each equation for its
unknown value. It is a good idea to check your results.

Solve for the x-intercepts: Checking you work for all x-intercepts:
3x-5=0andx-1=0 0=3x-8x+5,letx=1 0=3x-8x+5. letx= 2
3x-5+5=0+5andx-1=0 0=3(1»)-8(1)+5 . o\ 3
3x=5 and x-1+1=0+1 0=3-8+5 0=3Q948Q)+5
3,-3 - 0=-5+5 —~af25 40
X ; and x+0=1 0o 0_3(;)-(?)+5
x== and x=1 :E_ﬂ+5
3 3 3
_ 15 g
https://www.youtube.com/watch?v=CuolplqSdd0 Leading Coefficient 0=-5 i 5
https://www.youtube.com/watch?v=KUMhpKGwpCY Factor Polynomials 0=0
More detail on Factoring Quadratic Equations:
Factoring whena = 1: x2 + 5x + 6 Factoring when a # 0: 5x2 + 12x + 4
Multiply asc and call the product men Multiply asc and call the product men
1. Find the factor set of men 1. Find the factor set of men
2. Select the factors of men which add to b 2. Select the factors of men which add to b
3. Example: 16 =6: {1,2,3, 6} or {(1, 6), (2,3)} 3. Example: 54 =20: {1, 2, 4, 5, 10, 20}
a. m+n=2+3 (b-value) {(1,20), (2, 10), (4,5)}
b. x2+2x+3x+6 a. m¢+ne= 10+ 2 (the b-value of 12)
c. x(x+2)+3(x+2) b. 5x%+10x +2x + 4
d (x+2)(x+3) c. Sx(x+2)+2(x+2)
Alternately, d (x+2)(5x+2)
a. me+ ng=2+ 3 (the b-value of 5) Alternately,
b =1 g2-=1 a. me+ne= 10+ 2 (the b-value of 12)
ng 2 my 3 a 5 1 a _ 5
(x+2)(x+3) C. n—f—EOTEandm—f—E

d. (1x+2)(5x +2) {Ix=x}

In the alternative factoring method above, the my and ny denominators’ numerator is the coefficient of the first binomial
factor’s unknown (a).

Factor this quadratic expression: 5x? — 3x + 8; where a=5,b=-3,c=8; asc=5+8 or 40

The factors of 40 are {1, 2, 4, 5, -8, -10, -20, -40} or {-1, -2, -4, -5, 8, 10, 20, 40}. Examine each factor pair for a match.

Since the difference 5 — 8 =-3 we get: 5x2 + 5x — 8x + 8, which we can factor.
Or, 5+-8=-39— 2 or a:Mpuctor, 2:Nhactor i, 2= l; 5:-8=°» (5x—8)and 1:1 = (x + 1)
myg’ nyg -8° 5 1
Using a = 5 as the numerator and each factor as a denominator gives factored form:

(5x—8)(x + 1)
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https://www.youtube.com/watch?v=KUMhpKGwpCY

Factoring Trinomial Squares with Leading Coefficient Different from 1.
Factor each completely. Every multiple of 3 is a function, so you need to find the zeros of the function. If an
expression is un-factorable, state that in your answer.

1) 7m’+ 6m - 1 2) 3k — 10k +7

3) 5x2-36x-81=0 4) 222 - 9x — 81

5) 3n?- 16n + 20 6) 22 +7r—30=0
7) 5k + 8k + 80 8) 5x% - 14x + 8

9) 7p? - 20p + 12 =0 10) 3v2 + 14v — 49
11) 7x* - 26x - 45 12) 5p?-52p +20=0
13) 5x? - 43x + 24 14) 5x% +26x + 24
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16) 2x%-3x - 5

15) 3r* + 40r + 100 =0

XASE ST 11-¢ [ -/ [P HoTet-A s /qret/pa oA L] MAA//SAT 5 (r-16)(e - 10) (0€ 21qe10308 10N (6T

(€ +won)(z +w) (8T

201} (6- u8)(01 + W) (2

9]qe101oe] JON AON

(1 +x)(s-x0) (91

{01 S} (01 - d)(z - d) (¢
(T-%(F-x5) (8
(6-%(6+x0) (¥

1258} (6~ xp)(8- %) (LT (6 +10)(s +1¢) (92 (6 - wg)(L +wy) (ST
(8 +x¢)(s - x¢) (€T (L +x0)(01 +x¢) (TT £ w - (L-uO(L +ug) (1T

(¥ +w(z-ug) (61 {e <~} (¢~ w6 +wo) (31 (€+ Dy +dg) (L1

{01- ==} (01 +9(01 +19) (1 (F +30(9 +X9) (¥1 (8-%)(¢-%9) (€1
(§-(6+x0) (11 (L+M(L-ag) (01 (TS} (- Do-d0) (6

2]qe103e} 10N (L {9-5 9+ 9(s-10) (9 (t-wlor-ug) (s

{6~} (6-%)(6 +x9) (¢ (T-1-19 (€ (T+u)(r -w) (1

[ WOIJ JUIJJI(T JUAIONF0)) SUIpLdT Yim sarenbg [erwour ] Suiiojoe] 0} sIomsuy

=0

18) 2m? + 3m — 27

17) 5p2 + 19p + 12

20)22% +7a-7

19)3n®+ 10n - 8

22) 6x>+41x + 70

=0

21) 10n? - 21n - 49

=0
0

28) 10m? + 23m + 6

26) 612 + 37r + 45
30) 62 - 17r + 12

24) 8n2 + 71n — 90

=0

27) 4x2 - 35x + 24
29) 6k2 - 10k + 50

23) 9x* + 9x - 40
25) 4m? - 4m - 63

Created by A B Cron ©2022-2035

07 Polynomial Overview

Page 27 of 32



https://www.lavc.edu/math/study-material2/Math-113-114-115.aspx

—-b+Vb?2—-4ac

2a

15.Using Quadratic Formula x =

When a function is un-factorable, the quadratic formula is used to find the x-intercepts if they exist. (HSE

test only find real solutions.)

ax2+bx+c=0
—b + vbZ = 4ac

= X2
a = 2a LV =2 ]
X1 = —4+ ';*__41* —hel X = 2.|:| X2
X1 = —4 4_-2\/4_0= —4+—22‘\/ﬁ. f(x) = _xz + 4'x + 6 X2

Orx;=2—-+v100rx;, =2 ++v10

_ —b—+vbT—4ac
- 2a
_ —4— A7 _4%x—1%6
- 2% —1
—4—A0 _-4—2 10
-2 - -2

Intro to Quadratic Equations https://www.geogebra.org/m/mEs37yMj#chapter/737388 This is an interactive

website where you can practice Using the Quadratic Formula and other quadratic lessons.

YouTube link about quadratic formula: https://youtu.be/p0T Z3PcR6Y

Try solving these problems using the quadratic formula.

1. 5k*+10k+3=0 2. 2a+7a—-7=0
z GeZ —x (

LIMFS ~ 0TeSev—z(sz-)MF(sz-)- ¢
v vz _y (

SOTAFL—  L—eToh—zLMFL—

5 Gez

— = — =X ([

OIMFS—  £Geb—z01 MFOT-
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https://www.geogebra.org/m/mEs37yMj#chapter/737388
https://youtu.be/p0T_Z3PcR6Y

DISCRIMINANT
_ -b# bz—i ac
b 2a

Discriminant: I'JE- dac

5x?+3x+1=0 bZ-4ac=(3)2-4(5)(1)
s i3 eat =9-20
a= =3 C=
=(1)
The discriminant of a quadratic function is the quantity inside the radical sign: b% — 4ac
Find the, , the, and the following:

Problem Discriminant Number of solutions Nature of the roots Up/Down
1 x*—-6
2 | x¥*+8+13
3 xr-x+1
4 | xX*-8x—-17
5| x*-8+17
6 | X*-8x+16

Properties of Quadratic Equations

Given the quadratic equation: y = az®+ bz + ¢ The discriminant D = b? - 4ac tells the type of roots the equation.

The x-intercept(s) of a graph are the solutions to the equation. Positive Leading Coefficient

A quadratic equation can have one of three types of solutions. a>0
” \ VAN
D>0 D=0 D<0 Negative Leading Coefficient
Two Distinct Roots One Distinct Roots No Real Roots a<0
Imaginary Roots

The roots are rational whenever the square root of the discrimanent is a whole number, fraction, or repeating decimal.
The roots are irrational whenever the square root of the discrimanent cannot be turned into a rational number.
This occurs whenever the discrimanent is not a perfect square.

dn ‘reuoner‘r ‘o |9 umop ‘[euUOnRI ‘T ‘TCI S
dn ‘[euoner 7 ‘z¢1 v dn ‘Areurdew ‘7 ‘p- °¢
dn ‘Jeuoner z ‘g 'z dn ‘[euonernt °z ‘b7 1
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Complete steps a-c for each quadratic equation.
a. Find the value of the Discriminant, b?> — 4ac.
b. Describe the number and type of roots. {rational or irrational}

c. Find the exact solutions by using the Quadratic Formula.

_ VPO x = P40
X = 2] B 2:[]

1. x?-8x+16=0 2. x2-11x-26=0
1) 0,1, rational, 4
2) 225, 2, rational, 13 & -2
3) 4,2, rational, § &0
4) 289,2, rational,i & —g
5) 120, 2, irrational, + @
3. 3x*-2x=0 4. 20x>+7x-3=0 | 6 21,2, irational, lilﬁﬁ
7) 72,2, irrational, 1 + 3v2
8) 2304,2, rational,z & —%
9) 109, 2, irrational, ~2Y
10) 609, 2, irrational, 2%
5. 5x-6=0 6. 5x2-x-1=0
7. x*-2x-17=0 8. 16x*-24x—-27=0
9. 5x*+7x-3=0 10. 3y? — 15y =32

Page 30 of 32 07 Polynomial Overview Created by A B Cron ©2022-2035




12. Rational Expressions
A rational expression is created when you have polynomials written in rational form. The above lessons
are a precursor to simplifying Rational Expressions.

B leg: 3L X1 5 3x—-4 2x3 3x3-2x?-1 4x?-6 3 21

amples: - —

xamp 46b’ 3’ y-6’ 4x+3’ x-3>  4x2-6 ’ 4x3-2x2-3" 4’ 301

Some rational expressions can be reduced, the ones above cannot . . .
. ; . Reducing a Rational Expression

be. Whenever you have a rational expression as part of a solution, 5

. . 2x° — bx

it needs to be reduced to simplest form.

o o , , 4x3 = 11x — 3

Just like in basic arithmetic where you can add, subtract, multiply, ZxN

and divide, these and other arithmetic operations can be applied to EN)( 4x + 1)

all polynomial expressions and terms. 2y

Let’s add these two expressions and simplify: 4x + 1 .
15 4 7 Where 4x-+1 #0, or x # — .

x—6 x+6 Also, x # 3.

As when adding numeric fractions, we need a common denominator. Since these denominators are
relatively prime, we will multiply the original numerator and denominator by the other fraction’s
denominator (Note: it is shown as multiplying these by the equivalent of 1.
15 x+6 N 7 x—6
xX—6 x+6 x+6 x—6

Resulting in:
15(x + 6) 7(x — 6)

x—6)(x+6) (x+6)(x—06)

Or,
15x +90+7x —42  22x + 48

x2 — 36 x2 — 36

If the numerator has any shared factors with denominator, the result needs to be simplified. The example
below shows the difference if fractions are subtracted.

15 7  15x+90— (7x —42) 8x+132
xX—6 x+6 x? — 36  x2-36

If we multiply the fractions, this is the result:
15 7 105
X =
x—6 x+6 x?2-—36

If we divide the fractions, this is the work and result:
5 7 15 x+6 15x+90
X—6 x+6 x—6. 7  7x-42
It is a good idea to factor any factorable expression as you may find out that there are common factors

which may divide out and simplify your work. Recall, with all rational expressions. no factors in the
denominator can have value of 0.
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Add these rational expressions and simplify if possible:

5 8 xX—5 x+5 2x 8
) . p) fam i 3 2
x+5 xX+5 x+5 x+5 xX—5 xX—5
2x+3 | 3x+2 5x—3y . 5x+3y 3x%24+x . x+3
4) 5) 6)
5x 5x 6x+5 6x+5 x2-1 x2-1

Subtract these rational expressions:
5 8 x=5 X+5 2x 8

)——— )——— 3) = - =

x+5 xX+5 x+5 x+5 xX—5 xX—5

2x+3  3x+2 5) 5x—3y  5x+43y 3x2+x  x+3
6x+5 6x+5 x2—1 x2—1

4)

5x 5x

Add these rational expressions, remember common denominators are required:

5 8 x—5 x+5 2x 8
1) —+— 2) = +=— = 4+ —
x+5 xX—5 x+5 x—5 x+5 x—5
3x—2 x—1 x%-4  x%-9 x%243x42 | x%-3x+2
4) 5) 6) +

x+1 3x+4 x+2 x-3 x-2 x+2

Subtract these rational expressions, remember common denominators are required:

5 8 xX—5 x+5 2x 8
x+5 xX—5 x+5 x—5 x+5 x—5
3x—2 x—1 x%-4 x%-9 x%43x42  x2-3x+2
4) == — 5)——— 6) -

x+1 3x+4 x+2 x-3 x-2 x+2
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Multiply these rational expressions, simplify.

5 8
1) .
x+5 x+5
) 2x+3 . 3x+2
5x 5x

y2-1 x+1
x2-1 y-1

2)

S)

xX—5 x+5
[}

x+5 x+5

5x-3y 5x+3y
[
6x+5 6x+5

6x%+5x—6  x%48x+15
[ ]

8
xX—5

3x%2+x x+5
[ ]
x2-1 x2-4

4x°%—4 9x2-81

)2x2+13x+15 3x2+7x—6

Divide these rational expressions, simplify.

5 8

X+5 = x+5

2x+3 | 3x+2

5x 5x

4)

) y2-1 _ y+1
x2-1  x-1
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S)

X—=5 _ x+5

x+5  x-5

5x-3y _ 5x+3y
6x+5  6x-5

x2+8x+15 6x%45x—6

[ ]
8x2—-16x—24 3x2+6x—9

8
xX—5

3x2+x | x+5

x2—4 x2-1

2x2-3x-1 | 2x%2-9x-9

8) -

3x24+47x—-6  2x%2+13x+15

07 Polynomial Overview

12x2+54x+54  x2-9
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