INTERNATIONAL BACCALAUREATE

Mathematics: analysis and approaches

MAA

EXERCISES [MAA 2.6]
TRANSFORMATIONS
Compiled by Christos Nikolaidis

0. Practice questions

1.

[Maximum mark: 9] [without GDC]

The point A(1, 0.5) lies on the curve y = f(x). Write down the coordinates of the

corresponding point under the following transformations

y=f(x)+5 (1,5.5) y=f(x+5)
y=fx)—-5 y=fx-5)
y=5f(x) y=f(5x)
y=f(x)/5 y=f/5)
y==/) y=f(x

[Maximum mark: 12] [without GDC]
The point A(-1, 3) lies on the curve y = f(x).

(a) Write down the coordinates of the corresponding point under the following

transformations
y=fx)+3 (-1,6) y=fx+3)
y=fx)-3 y=f(x-3)
y=3f(x) y=7£(3x)
y=f(x)/3 y=f(x/3)
y=—f() y=f(x)

(b) Find the coordinates of the corresponding point under y = 2 f'(x—3)+4.
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[MAA 2.6] TRANSFORMATIONS

3. [Maximum mark: 10] [without GDC]
The graph of y = f(x) is shown in the diagram.
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On each of the following diagrams draw the required graph.
(@ y=fo+l (b) y=7(x)-2 [1+1]
Ijh }_ IJl }_
1
€ y=2f(x) (d) y=5f(X) [1+1]
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[MAA 2.6] TRANSFORMATIONS

)  y=rf(x+3) . [1]
@ y= f(x53) | ) | 2 [1]
) y= f(3):) | 3. | 2 [1]
y= f@ }_ 1]
y= f(; | | 2 ' 1]

[

Page 3




4=,

[MAA 2.6] TRANSFORMATIONS

[Maximum mark: 11]  [without GDC]

The sequence of transformations from y = f(x) to y =2/ (3x) + 4 is given below

f(x) original

2f(x) vertical stretch with s.f. 2

21 (3x) horizontal stretch with s.f. 1/3 (i.e. shrink))
2f(3x)+4 vertical translation 4 units up

Describe similarly the sequence of transformations, in a correct order, for the following

functions
(@ —f(x=2)+5 [3]
S(x) original

(b)  —3f(x+2)-1 [4]

S(x) original

() f(2x-10) 2]
S(x) original

d)  f(2(x-5) (2]
S(x) original
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[MAA 2.6] TRANSFORMATIONS

A. Exam style questions (SHORT)

5.  [Maximum mark: 6] [without GDC]
The graph of y = f(x) is shown in the diagram.
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(@) On each of the following diagrams draw the required graph,

(i) y=2/();

Va
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oL
[4]
(b) The point A (3, —1) is on the graph of f. The point A’ is the corresponding point on
the graph of y =—f(x)+1.
Find the coordinates of A’. [2]



[MAA 2.6] TRANSFORMATIONS

[Maximum mark: 5] [without GDC]
The following diagram shows part of the graph of f(x)
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Consider the five graphs in the diagrams labelled A, B, C, D, E below.

<F/
i

(@) Which diagram is the graph of
(i) f(x+2)? (i) = f(x)? (i) f(=x)

(b)  Write down the expression for each of the two remaining graphs



[MAA 2.6] TRANSFORMATIONS

7. [Maximum mark: 10] [without GDC]
The graph of the function y = f(x), 0 < x <4, is shown below.

¥
5 ==
5 4 B - 0 4 5"
-1
5L
(a) Write down the value of (i) f(1) (i) f(3). [2]
(b) On the diagrams below, draw the graphs of y =3 f(-x) and y = f(2x). [4]
(c)  Write down the domain and the range of y =3 f(—x) and y = f(2x). [4]
y=3f(=x) y=f(2x)
b/ b/
st st
S5 5 & J o $r 5 5 & 1 o0 o
s =5
y=rf() y=3f(=x) y=f(2x)
Domain 0<x<4
Range 0<y<lI
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[MAA 2.6] TRANSFORMATIONS

8. [Maximum mark: 5] [without GDC]

The diagram below shows the graph of a function f'(x), for -2 <x < 4.
¥

(8]

L &)

(a) Let A(x) = f{—x). Sketch the graph of /# on the grid below.
»

(2]
(b) Letg(x)= %f(x —1). The point A(3, 2) on the graph of f'is transformed to the
point P on the graph of g. Find the coordinates of P. [3]



[MAA 2.6] TRANSFORMATIONS

[Maximum mark: 6] [without GDC]
Consider the graph of f shown below.

JJ
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‘4_
(@) On the same grid sketch the graph of y = f(—x). [2]

The following four diagrams show images of f under different transformations.

Diagram A Diagram B
¥ »
; 4 - - 4_
-
1
0 x
(b) Complete the following table. [2]
Description of transformation Diagram letter
Horizontal stretch with scale factor 1.5
Maps f(x) to f(x)+1
(c) Give a full geometric description of the transformation in Diagram A. [2]



[MAA 2.6] TRANSFORMATIONS

[Maximum mark: 8]

10.
Let fix)= —x —x* =3x . Part of the graph of f'is shown below.

[with GDC]

Thereisam
(a)

(b)
(i)

(ii)

(i)

\ ,.

\ /
4

aximum point at A and a minimum point at B(3, -9).
(2]

Write down the coordinates of A.
Write down the coordinates of

the image of B after a reflection in the y-axis;
the image of B after a translation by —2 units in the x-direction and 5 units in

the y -direction).
the image of B after a reflection in the x-axis followed by a horizontal stretch
[6]

with scale factor E .



[MAA 2.6] TRANSFORMATIONS

1.

[Maximum mark: 10]

On the same diagram sketch the graph of y = —f(x).

[without GDC]

The graph of a function f is shown in the diagram below.

y

4
4

[98)

N

-

Let g(x)= f(x+3).
(i)  Find g(-3)

(i)  Describe fully the transformation that maps the graph of f to the graph of g

Write down in the table below the domain and the range for each function:

y=f(x) y=—f(x) y=f(x+3)
Domain -1<x <4
Range —4<y <05

(2]

(4]

(4]
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[MAA 2.6] TRANSFORMATIONS

[Maximum mark: 4] [without GDC]

The following diagram shows the graph of y = f(x). It has minimum and maximum

points at (0, 0) and (1,i ).
2

(a)
(b)

On the same diagram, draw the graph of y=f(x—1)+%.

What are the coordinates of the minimum and maximum points of y:f(x—1)+% ?



13.

[MAA 2.6] TRANSFORMATIONS

[Maximum mark: 6] [without GDC]
The sketch shows part of the graph of y = f(x) which passes through the points

A(=1, 3), B(0, 2), C(l, 0), D(2, 1) and E(3, 5).

-2

A second function is defined by g (x) =2f(x — 1).

(a) Calculate g (0), g (1), g(2) and g (3).
(b)  On the same axes, sketch the graph of the function g(x).




[MAA 2.6] TRANSFORMATIONS

14. [Maximum mark: 8] [without GDC]
Let f(x)=2x+1.

(@) On the grid below draw the graph of f(x) for 0 <x <2. [2]
(b) Letg(x)=f(x+3)-2. On the grid below draw the graph of g(x) for -3 <x <-1. [4]
yh
1
6 | 45 4 3 2 a1 |0 1 ) 3 | 4 5 | 6 X
=1
=3
-4
—J

—0

(c) Write down the range for each function:

Domain 0<x<2 —3<x<-1

Range

(2]
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[MAA 2.6] TRANSFORMATIONS

[Maximum mark: 5] [without GDC]

The diagrams show how the graph of y = x? is transformed to the graph of y = f(x) in
three steps.

Ya BZ \

(1)

0 X 0 ' "y
_.2 1
y=x
Va
(ii) (iii) 7)'
V\a
4 1
31~ I
I
I
I
I
» [ »
0 1 X 0 1 X
In the table below
(a) Give the equation of the curve for each diagram [3]
(b)  Write down the coordinates of the vertex at each step [2]
Equation of the curve Vertex
2
y=x (0,0)

(ii)

(iif)

Page 15



[MAA 2.6] TRANSFORMATIONS

16*.

17.

[Maximum mark: 6] [without GDC]
Let f(x)=x"and g(x)=2(x—1)".
(a) The graph of g can be obtained from the graph of f using two transformations.
Give a full geometric description of each of the two transformations. [2]

(b) The graph of g is translated by the vector ( 32J (i.e. 3 units in the x-direction and

—2 units in the y -direction) to give the graph of /. The point (-1, 1) on the graph
of f is translated to the point P on the graph of /4. Find the coordinates of P. [4]

[Maximum mark: 6] [without GDC]
Let f(x)=23x". The graph of fis translated 1 unit to the right and 2 units down.
The graph of g is the image of the graph of f after this translation.

(a) Write down the coordinates of the vertex of the graph of g. [2]
(b) Express g inthe form g(x)=3(x-p)’> +q. 2]

The graph of /4 is the reflection of the graph of g in the x-axis.

(c) Write down the coordinates of the vertex of the graph of 4. [2]



[MAA 2.6] TRANSFORMATIONS

18. [Maximum mark: 6] [without GDC]

The diagram shows a sketch of part of the graph of f(x)=x" and a sketch of part of
the graph of g(x)=-x"+6x-13.
yu

=A%)

=V

y=g(x)

(a) Write down the coordinates of the maximum point of y = g(x)

(b) Describe fully each of the transformations, which together map the graph of

y = f(x) onto the graph of y = g(x) in a correct order,



[MAA 2.6] TRANSFORMATIONS

19. [Maximum mark: 6] [with / without GDC]
(@) Express y=2x’—12x+23 intheform y=2(x—c)* +d. [3]

The graph of y = x” is transformed into the graph of y = 2x* —12x+ 23 by the

transformations
a vertical stretch with scale factor & followed by
a horizontal translation of p units followed by
a vertical translation of g units.
(b)  Write down the value of (i) k; (ii) P (iii) q. [3]

20. [Maximum mark: 4] [without GDC]
The diagram shows parts of the graphs of y = x” and y =5-3(x—4).

yu

The graph of y = x* may be transformed into the graph of y =5—3(x—4)> by these

transformations.
A reflection in the line y =0 followed by

a vertical stretch with scale factor £ followed by
a horizontal translation of p units  followed by

a vertical translation of ¢ units.
Write down the value of (i) k; (ii) p; (iii) q.



[MAA 2.6] TRANSFORMATIONS

21. [Maximum mark: 6] [without GDC]

h
A translation with vector (k] implies a shift by 4 units horizontally and & units vertically.

The following diagram shows part of the graph of f(x)=5-x" with vertex V(0, 5).

h
Its image y = g(x) after a translation with vector (k} has vertex T(3, 6).

W

3 T
e
L L
8 0/ g ¥
X

(a) Write down the value of (i) h (i) k
(b)  Write down an expression for g(x).

() On the same diagram, sketch the graph of y = g(—x)

22. [Maximum mark: 6] [with / without GDC]
The quadratic function £ is defined by f(x)=3x> —12x+11.

(@) Write f intheform f(x)=3(x—h)’ +k.

(b) The graph of f is translated 3 units in the positive x-direction and 5 units in the
positive y -direction. Find the function g for the translated graph, giving your

answer in the form g(x)=3(x - p)’ +gq.



[MAA 2.6] TRANSFORMATIONS

23. [Maximum mark: 6] [without GDC]

The diagrams below show the graph of y = f(x) which passes through the points A, B,

C and D.

Sketch, indicating clearly the images of A, B, C and D, the graphs of

@ y=f(x=-9);

=20
=25
=30

(0)  y=/f(=3%);

~20
=25
=30
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[MAA 2.6] TRANSFORMATIONS

24. [Maximum mark: 6] [without GDC]

2
J . Find the equation of

The graph of y = 2x” +4x + 7is translated using the vector [

the translated graph, giving your answer in the form y = ax’ +bx+c.

25. [Maximum mark: 6] [without GDC]
The graph of the function f'(x)=2x" —3x” +x+1 is translated to its image, g(x), by

1
the vector [ J . Write g(x) in the form g(x)=ax’ +bx* +cx+d .



[MAA 2.6] TRANSFORMATIONS

B. Exam style questions (LONG)

26.

[Maximum mark: 15] [with GDC]
Let f(x)=3(x+1)>-12.

(@)
(b)

Show that f(x) =3x> +6x-9.
For the graph of f

(i)  write down the coordinates of the vertex;

(i)  write down the equation of the axis of symmetry;
(iii)  write down the y -intercept;

(iv) find both x -intercepts.

Hence sketch the graph of f.

Let g(x) = x’. The graph of /' may be obtained from the graph of g by the two

transformations:
a stretch of scale factor ¢ in the y-direction

followed by a translation of (pj.
q

Find [p] and the value of ¢.
q

(2]

(8]
(2]

(3]



[MAA 2.6] TRANSFORMATIONS

27*. [Maximum mark: 12] [without GDC]
Let f(x)=x"+4 and g(x)=x—1.

(@)

Find (f o g)(x).

The graph of (f o g)is translated to the graph of 4 by 3 units horizontally and -1 unit
vertically.

(b)
(c)
(d)

Find the coordinates of the vertex of the graph of 4.
Show that A(x) = x* —8x+19.

The line y =2x—6 is a tangent to the graph of / at the point P.
Find the x-coordinate of P.

(2]

(3]
(2]

(3]



[MAA 2.6] TRANSFORMATIONS

28**. [Maximum mark: 10]  [without GDC]

The diagrams below show the graph of y, = f(x).
The x-axis is atangentto f(x) at x=m and f(x) crosses the x-axis at x=n.

(@)  On the diagram below sketch the graph of y, = f(2x) and indicate the

coordinates of the points of intersection of y, with the x -axis.

ylk
»n =A%)

(3]
(b)  On the diagram below sketch the graph of y, = f(x—k), where 0 <k <n—m and
indicate the coordinates of the points of intersection of y, with the x-axis.
yh
N =fx)
m >
0 - > X
(3]
(c) Solve the equations (giving the solutions in terms of m and n)
(i) f(2x)=0; (i) f(x-3)=0; (@(v) [f(2x-3)=0. [4]



