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1 Rekenregel

fab f(a)dz = [F(2)]", = F(b) - F(a) met F' = f

We moeten dus op zoek naar een een primitieve functie F(z) voor elke mogelijke functie f(z).
Deze zoektocht heet onbepaalde integralen oplossen. We noteren:

f f(z)dx = F(z)+c

2 Basis integralen

Lijst met fundamentele (basis) integralen

1 1 x
fﬂdm—c fmth—ﬁ:lfdﬁﬂ(j)ﬁ'& (k>0)
/ldm=m+c /ﬁdx:&min(\%)+c{k}ﬂ)

I:1+'1
/m“dx=ﬂ+1+c{nem\{—1}}

1
/—dm=1n|m +e

xr
fe“d:n=e‘-!-c

. a’

o
fﬁ bif lu.a.+c
/cosmdx:sh’xm+c
/sinzch:: COST + ¢

1
f—gda:=tan$+c

cos? 2

1
[‘2 de = —ocotz+¢
J sinz

1
/Hidx=Arcsinm+c= —Arecosx + ¢
V1 — x?

1
f 1eq2 dz = Arctanz + ¢

Figure 1: https://www.geogebra.org/m/RMwPMmq7



3 Splitsing
3.1 Voorbeelden

Basisintegralen, integratie door splitsing

z* + 5z z*

2

Vaorbeeld 1 : f Y i —/ 55 atae = [I+5 a7t g,
22 PR R =5
Voorbeeld 2 : /(l z)yxdy = f:ri gde =5 -5 +C=al -1+ C
Va 2 2
VI = 2

Voorbeeld 3 - f?{'os 2 +4efde = 2sinz+4e"+C

e wa 12712

Figure 2: https://www.

3.2 Oefeningen

L2 2}

geogebra.org/m/RMwPMmq7

1. Los op:
1. [ 2Pdz 2. f:n%(&
3. [ Sdu 4. [5dx
5. [(x2 — 327 +6)dr 6. [(3yz—Z+1)de
7. [ (£ +ayT)de . J (V& -2+ V2)de
0. [(F-Z+e+)dr 0. [
1. [a? (2x+1)de 12, [z(2? — 1)dzx
13. [z(2z+1)%dz
2. los op:

(a) [ cot®zdx
(b) [ g=rda



4 Substitutie

4.1 Voorbeelden

Integratie door substitutie: voorbeelden

7 . 2 P
Voorbecld 1: f2:r ce¥dx = mee”‘zdrr = /e"‘du =e'te=e"tc

e
u =z
du = 2zdzx
Voorbeeld 2 : fl'n:c _ fhu _ [“ du = & + (ln.E)
u = lrm.
1
du = —duw
T
x4+ 2 _ x4 2 " ldu 1 A luc s 4
Voorbeeld 3 : ‘/,!/wz+—4w+5dm = s/—;c2+43_+5d"4= %:2 w sdu =3 i +e= \/(:&3+4a:+5) +e
Ve
u=o’+4x+5
du = (2z + 4)dz = 2(x + 2)dx
%d’u,: (x + 2)dax
wa aa 17717 . wwi llil\ 2 s

Speciale substitutie
/m\/x + 3dx
|u:\/w+3 sut-3=2

du =

1
mdm & 2z + 3du = dz & 2udu = dz

. . 2 5
/(“2—3)'U'216du =/2u4—6u2du :5'14572u3+c :g(VerS) —2(\/m+3)3+0

[
1—x v
v=Vli—-zezr=1-1u’
| | 1
du = ———=d. =
U Wi T < 2udu = dx

—u?)? , 2 Vvi—z)
/7(1 }{u) 2t :2f172u2+u4du 2(u—§u + 5)+C’ :2m,§(mf+72( 15 z) +C

Figure 3: https://www.geogebra.org/m/vvnmeyj8



4.2 grenzen aanpassen bij substitutie

grenzen aanpassen bij substitutie

4.3

1

ca

6. fi"”
(=2 +1)
1227 10.

=t

. f [—8x = 4) g™+ g 20.

3 fe'“"zai.:nx dx

2
. f [—3x =+ 4) =378 gy
L]

S
_fmusin‘mdm H f
I

=
B d 25.
f\e.’l!'i'[ “

u=-4x*-7Tx+1
du=(—8x—7)dx

Als x=2 dan is u=-29
Als x=5 dan is u=-134.

5
f (—8x—T7)(—4x2— 7 x+1)%dx
2

134
= / ubdu
—29

3 |:u?:| 134
71 2

nieuwe opgave

Figure 4: https://www.geogebra.org/m/vvnmeyj8

1 7 7 - N
- — (-2
= [( 134)" — (—29) Toon de uitwerking
w —110821976515005
M4 TI7 pp bl ® 2 s
Oefeningen

1. Bereken volgende onbepaalde integralen

R fe_‘l'z dx s x
14.f dz
L]
B
B fe_*z dx
L]

: x e
15. f:=::—r dz
L]
_f{:rg—ﬁj (" - 62)™ da
1
18. f\,E(\r-"E—Tl dx

17 =+ 1
/2 i .1!2—1 dx
-/e“"zainu:a'.m !

z+h 5’5’f
-fz—*‘ﬂf
E

ain 2z sinx dx

6. f—i? cog T sinw[ainm+1]5 dax

1
27. —d
' _[:rln.v"'f o
e

25. finn.:rd:r
20, fsec:rd.'x

&
f 1

5
3. f T E——
-!-:rl.nx[]n{ln:u!]

w3
34. -/smw{coam—ms z) dx
o

35. fsin?m dx



2
2. Verklaar waarom de opp tussen x-as en de grafiek van de functie f(z) = (‘/25\;%) in het

interval [4,9] en deze tussen de x-as en de grafiek van de functie f(z) = 22 in het interval
[1,2] aan elkaar gelijk zijn.

3. Over een continue functie f : R - R is gegeven dat fol f(z)dx = 8, f12 flx)dx = 2 en
f24 f(z)dz = 4. Dan is f02 f(2z)dx =

4.4 oplossingen

1. Oplossingen oefening 1

1 4 I 1 4 i 1 : 208 cosT -
1) 718 4 +C 2) 1 — Ze 32 3) @ (.‘L“] — 6.1.) +C 4) —€ +C O.} e—1
_ 1 4 9.4 l —322 48z E 4 l
6.) 12117 +C 7.) In(3z*+1)+C 8.) 3¢ +C 9.) 53¢ 3
o Lo « 1. % 2, 3/2 1/2
10.) 5tan :c+§ln(-.:5 +1)+C  11) In(e* +1)+C 12 gsin z+C 13 §(x+1) —2(x+1)""+C
. s, 1Y) _ - ; 7 In2 L
14.) 36 15.) ]n(e + ) 2 16.) 2In{yz+1)+C 17.) ya 18.) 6 6
4 1 5 1 1 1
19.) §(1+\/E]\fl+ﬁ+c 20.) —2cos\/z+C 21.) Eln($2+2)+m+c 22.) gtan_l g;u—l-c
l e l a1 32 - @ . L 7 o G
23.) abta.n (bcc) +C 24.) 5 (sin 'z)"+C  25) 7 26.) 6(sinz+1) —7(sinz+1)"+C
1 1
27.) 2In2 28.) Infsecx|+C  29.) In|secx +tanz|+ C 30.) gsin_l (z3-1)+C
31) tan—! (e") = C 32) snt (3) 40 B) - 34) 2
4 8ln? (Ind)  81n*(Inb) 64
35.) 2 1 sin2 +C 36.) = 37.) wr?
5.) 5% —gsin2e )5 ) wr

2. uitgewerkte voorbeelden

-

uitgewerkte voorbeelden substitutie /s B

substitution.pdf

Figure 5: https://www.geogebra.org/m/vvnmeyj8



5 Parti€le integratie

5.1 Voorbeelden

5 1 5 1, 1
. 2 3 — 2. du _ oo o, Az . R
Voorbeeld 1 : /x e Vdx Trge 2 g® +2 27 € +e Voorbeeld 2 : /Il’l:!d"f.’ =z -x- f i s wdx
U oserg 2
3 ; ay / =—¢ (9$‘—ﬁz:+2)+c /
u=x v=¢ 27 - & —
I N I u=Ing =1 =zlnz fld:r:
) . Jl, Nt =zlhz—2+c¢
o —e
- &I
| N 1 ®
2 2 f — dw
1 St !
1 3x
0 o7 ¢
. . . ‘ ‘
Voorbeeld 3 fsm 2z-¢ Mo = +s'm2:cA(*&““)72(:0321"6_’“+f743i112:r-e"da:
o = sin2: g )
" im v N+ Y le = —e “(sin2z + 2 cos 2z) — llj sin 2% - e “dx
2cos 2z —e . : .
! N 1 < stm Qe dr = —¢ ¥(sin 22 + cos 2a)
—4sin 2z +e* 1
& =——e*(sin2x +eos2a)+c
[ o= °
Mt ad 12712 pe e n 2 ]

Figure 6: https://www.geogebra.org/m/b4XpwQYH

5.2 Oefeningen

1. Los op
1. f:n:e256 dx 7. f:r cosx dr 13. ]EI sin 2z dx
2. f:ce*‘h dx 8. f:rz cosr dx _—
14. jxsin?ﬁ: dx
In2
1 9. f:r]n x dx 0
3 ze " dx
’ 10 f 51 d. z?
| 2°Inx dx = . .
-1 15 f(r2+2)2 o
4. cos™ "z dx .
11 f:rsin]ﬂr dx I
5. f:.;gx dx 16. ] = dr
P
9
12. f L
6. f:vz?x dx VT
1

17. /eﬁm cos 3z dr

5.3 Oplossingen
1. Oplossingen oef 1



1 5 1 1 1 T 1 —
1) -xe*® — 1E2£ +C 2) —§e_3’“ - 51‘6_31 +C 3) i ﬁIr12 4) zeosT 'z —V1—224+C

9% 1 2@ 2% 2
5) —|z——)+C 6) — (22— —+ - |+C 7) wzsinz+ecosz+C
>) e (l 1n2) ) mQ(L n2 ]n‘?) ) zsinz+ecosz
8.) z?sinz +2 2sinz + C 9) Lo 12+c 10.) L e ! E+C
- Tresmax LCOST — 481N R —r*Iny — = . =r mx— —=x
2 1 6 36
11) L 10z - Locostoz 4 © 12)) 6In9—8§ 13) Lo ginge - 2ercos2e 4+ € 1) L
R IODSIH o IDZLCOS o . n - 56 51N LT 56‘ CO3 AT )4
T, o 1 1. 5 RO I
15.) Eln[m +2_}+I2+Q+C 16.) 736‘rﬁfﬁln1+f 17.) ﬁ(cos&a)e +ﬁ(sm3‘1)e +C

2. Uitgewerkte oefeningen

extra oefeningen met oplossingen

parts2.pdf

Figure 7: https://www.geogebra.org/m/b4XpwQYH

6 Partieelbreuken

6.1 Voorbeelden

Tx) =x

N(x) =%+ 3x-4

_ x _ 5 5
@) =i se—a~a-1Tat+d

Berekening onbepaalde integraal:

[ fayie=

€T
dr =
f:cz+3:r.—4 *

. 1 4
5 5 —
jz—1+1:+4dw7

1 4
5 In(|e — 1]) + 5 In(jz +4]) + c2

ra

Figure 8: https://www.geogebra.org/m/j5JTq5y8

6.2 Oefeningen

1. Bereken:



1 22% — 22 — 10z — 4 f?:x+1
1. ——— d: 7 e 12. dax
/r9+3:r * ",/ x2—4 dw a?+1 )
T —5
2. ————— da . ~ :
/rgfh’fscr 8,/7:”_1[ dx 13] z? 42 dx
= —6x+9 x (22 +6)
3/ ! d
. K
2 a? 2 .
9 2 +11+3d1 16
r—1 (@+3)
4. /1“274 dx
10 / 27 — x4+ 20 ; 5 5
| = dz x —
1 r—2)(x2+9 15.] dx
s [ 2t SRR =
22
4
2 N x
x° 11. /7039; 2 .
6. | 57— d 416 S e N
/r2+23373(r ! lﬁ-fﬁd@
6.3 Oplossingen
1. Oplossingen oef 1
1.) 1hl|’l“ lll1\r+'7|+(" 2.) 71n\:r+2\ 1111\& 4 +C 3.) L In|z —a ! In|z+al+C
) zInfz| — sz In| b o= - = - — J ) = —a| — — ] b
3 3 ° 6 6 > 2 24
1 3 1 1 1
— — — " 2 B ; - 2 — Zt3 -1 .. ~
4.) _Lln\:c 2\+4111\1+_\+C 5.) 2111(:6 +4) 2t111 2:L+C
1 9 o,
G.) Js+i111\171\711n\x+3\+6’ 7.) x> —x—3Inlz —2|+In|z+2|+C
8.) 5ln|z— 3|+ -+ C 9.) 21+éln(:€2+1)+tan*1‘r+0
r—o Z
1 ! 1 1 .
10.) 2111\3:—2\—§t311_l§+(7 11.) :r+§111|:}:—2\—5111|x+2\—tan_1%—5—0
q¢ -1 2 v 1 3 ~ 9
12) tantz+n (22 +1) +C 13.) =In|a® + 62|+ C 14.) —ln\x+3\—?+0
3 T

15.) In (22 +9) — tan™! 17 +C 16.) Inlz|+Injz -1 —Injz+ 1|+ C
E D

2. Uitgewerkte oefeningen

oefeningen partieelbreuken

[/ partial_fractions.pdf

Figure 9: https://www.geogebra.org/m/j5JTq5y8



7 Alle technieken door elkaar

Alle integralen kan je stap voor stap laten berekenen via https://www.integral-calculator.

com/

1-80 m Evaluate the integral.

1.

~

w

11.

13.

15.

17.

19.

21.

23.

25.

27.

29,

31,

33.

35,

37.

39.

2x+ 5
[T«

. J‘ sin’x cos®x dx

1/2 x d
e aX
N
J‘ x_

x4+ 2

. fln(l + xdx

0+ Va P

[dm®

J‘ V9 — x2
Ta’x

J‘ x?cosh x dx
cosx
Bl 4.4
-f 1 + sin®x
1
J; cos x tan wx dx

J- e*cos Sxdx

J* dx
X+ xtx 1

J‘ xS~ dx

1
[
Ox% 4+ 12x ~ 5

[0 - Va)ax

X
j‘x‘+2x2+10dx

‘f sin’x cos*x dx

X
dx
jl—x2+\f‘l—x2

I ez;e: 1 dx

ol

x
J‘ =t gy

sinx — cosx
B

(=]

sinx + cosx

. Lz **lnxdx

x
8. I(—x";z—]zdx

10.

12.

14.

16.

18.

20.

22,

24.

26.

28.

30.

32

36.

38.

40.

J' +1+ Inx
—dx

xInx

-
‘L tan’xsec’x dx

_fxsin"'xdx

x
j.x3+3x+2dx

S+l
| x

xt 4+ 2x* + 4x

j cos\/;dx

2x

J‘lie"dx

J‘ cos 3xcos Sx dx

Ilen(l + x)dx
! tan®4x dx

J‘xltan"xa‘x

d
==

34.

1
[we

1
[
VS — dx — x?

1+ cosx
[Areosx
sin x

.rx31_3dx

10

41.

43,

45,

47

49.

51.

55.

57.

59.

61.

63.

65.

67.

69,

73.

75.

77.

79.

J‘JI x*cosh x dx
J‘_JJ [x* + x* — 2x|dx

j cotx1n(sin x) dx

X
J e

J‘xe/mdx

1
——————dx
-[x+4+4\/‘):+1

. I(.rz + 4x — 3)sin2xdx

X
—_—dx
f V16 = x*
I cot®2xcse* 2x dx

arclanx

e
-r 1+ x* dx
J.ﬁe’z‘a't
sinxsin2xsin3xdx
J‘ 1+ x
1—x

x+a
fz 7 dx
x+a

4

X
S

7.

I xsecxtanxdx

|

J’ arctan /x
——dx
Vx

j‘—e%exdx

dx
-[ x+/2x — 25

=3 In(tan x)
[ dntany)
=4 SN XCOSX

42,

44, ‘rﬂ cos’0do
b

1+e"
46..[1_8:(1):

dx
448. | —mm—
-r 4 — 5sinx

50. J.ewdx

P41
s [ S——ax

X=X

54, I sin x cos(cos x) dx

6. xijd
E'I{x+l]'n x

58. J.(x + sinx)dx

dx
60. -rx(x“ + 1)

Ji
62 J‘ 1+ 5

64. f | In(x/2) | dx

I
66. | —m— dx

Wxt =1
68. j‘y‘l + x — xtdx

x+2
70, { ————d.
-fx2+x+2 ¥

72. j% dx

- a
o [
1+ 2e"—¢e™
In(x + 1)
76. | ————d.
=

1 + cos’x
78. j —dx

1 — cos’x
in2
80, | —== iy
V9 — cos'x



Mat104 Fall 2002, Integration Problems From Old Exams

Compute the following integrals

(19)

(21)

(23)

(25)

(27)

sin®
dx
COS T

/ sin(v/I ) dz

/ cos* x dx

/ln(l +1Inx) e

X

/2 dx
_1 (4 + 2z + 22)5/?
/ dx
Vi
3x?
—d
/ 2?2+ x—2 o
/ dx
Va2 4+ 2z

| =

/x2 Inzdx
/tan4 6 do

/“/2 CcoS T d
sinz + 5sinz + 6

222 4+ 5z + 10
x3 4+ 222 + 10x

d:v

/ arcsin(In )

X

(10)

(12)

(20)

(22)

(24)

(26)

(28)

/ 2% arctan x dx

zsin(z?)e” dx

—

24 x

Jr+2+x

cos\/_ i
\/_

dx

/ v+ 3xr—3
dx
(x + 1)(22 + 6z + 10)
/x3em2dx
23
/—d:c
V1—a2
z+1
—d
/x2+4x—|—13 .
ex/2
d
/1—|—€Z .

/(a: —2)V9 — 22 dx

1
/ ze Tdx
0




/(ln r)? dx

/

{L'2

6 —1

dx

/ sin® z cos? z dx

/ sin(ln z) dx
1

/
/

/

dx
(4 — 22)3/2

VI

24
p dx

dz
N

dx
(1 —x)?

/(2x—|—3) Inxdx

/
/

T

@+ (e +1)

1‘2

—d
22 +4x+5 v

dx

(30)

(39)

(41)

(43)

/

(Hint: Try a substitution first.)

/

/
/

J
/

sin &

v1+cosx

dx

1 X
+e d
1 —e®

eV dx

sin(v/x) dz
(x—5)(Vr—1+3)

Vr—1+2
V9

)
—; dx
T

1
(" 4+ 1) e dx

z+1
— A%
24+ 22+ 3

dx



Mat104 Fall 2002, Integration Problems From Old Exams

Warning: Many of these integrals can be done several different ways. If you choose a
different method than I did, your answer may look quite different from the answer given
here. The two different-looking answers may simply differ by a constant or perhaps
they can be seen to be the same through the clever use of identities. If you believe
that your answer is correct, but it does not match the one given here, consult your

instructor! If you find errors, please let me know (jmjohnso@math.princeton.edu).

costz

(1) cos*z —

+1In|secz|+ C

1 T 1 3
2) ——m = —F——+C
164 +22 48 (V4d+a2)3

(3) —2v/1+z cosv1+x+2siny1+2+C

(4) zarctanz —Inv1+ 224+ C

(5) 3x+sin2x+sin4x+c valent] 3x+0083xsinx+3 . L
— or, equivalen — + —————— + —coszsinz
8 4 32 » Cdtvaiently, =g 1 8

1

(7) In(14+Inz)+ (Inz)In(l +Inz) —lnz+ C

(8) 3 arctan B :13_2+ In+v/1+ 22 Lo
] 3 6 3

9) —

9) W

12

(10) 6T(sinxQ—cost)—i-C

(11) In |z + Va2 + 25|+ C

(12 3t o1 5 24 tan (22 ) 4 vhere = 752

AT V7
(13) 3z —4lnjz + 2|+ Injz - 1|+ C

(14) 3¢z sin /x + 3cos J/x + C
(15) Assume that > 0 for simplicity. In that case, the answer is In |z + 1 4+ V22 + 22| + C

(16) In(z* + 6x + 10) + arctan(z + 3) — In |z + 1| + C

1 v1—2a2
I S G’ (if we use —1In|cscf + cot 0| as our antiderivative for cscf.) Al-
x x

ternatively, we might use In | csc 6 — cot 0| as an antiderivative for csc§ and this would give

1 V1—2a2

T e

(17) —In

In + (' instead.




1 2 2
(18) 5(3?26:0 —e")+C.

pny 23

~Z 4+c
3 "9

(20) (—”gﬂ)g —VI—22+C

tan® 6

(19)

(21) —tanf + 0+ C

(22) InvVa? 4+ 4x + 13 — arctan((g +2)/3) +C

(23) In(9/8)

(24) 2arctan(e*/?) + C
2 1
(25) In|z| +Inva? + 22+ 10 + 3 arctan (%) +C

(26) —ﬂ — 9arcsin <§> — V9 —224C

Ve
o) L Y2 g
<7) 12_'_ 2

(28) 1 —Z

(29) z(Inx)? = 2zxlnz + 22+ C

(30) —2v/1+4cosz +C

1 =1
1) =1
(3)6 51 +C
2 cos’x  cosx
2) Zcos’x — —
(3)5cosx - 3 +C

(33) v —2In|l — €|+ C
(34) S(sinl — cos 1) + =
5 (sinl —cos 5

(35) 2y/xeV® — 2eV® 4 C

T

(36) i +C
(37) Ve— Ve
(38) arcsec;(:c/2) B ;5212— 4 e



(39) —In|z| + Inva? + 1+ arctanz + C

Va2 + 4
(40) —5 x; +C

(41) —2\/xcos\/z + 2sin/z + C

1
42) 1 —1 -1 - —
(42) Infa] ~nfo = 1] - —— +C

S e e

2 3
—1)2 2
which can be simplified to (z 5 ) + §(az‘ — 1)3/2 —6(z—1)+C
2

2
or, simplifying further, % — Tx + g(x _ 1)3/2 el

(43)

2
(44) (x2+3x)lnx—%—3x+0

V9 2 V9 2
(45) ~Y2ET g | V2T T o
x 3 3
1, 1 1
(46) Zln(w +1)+§arctanx—§ln|x+1|+0
(1+€)21 221
g7y =2 2
(47) 21 21

(48)  — 2In(z? 4+ 4z + 5) + 3arctan(z + 2) + C

1
(49) 5 In(z? + 2z +3)+C



