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Abstract. While teaching “solutions of quadratics” and em@ghbking the idea that, in general, th
solutions ofax? + bx + ¢ = 0 are obviously where the graphyof ax + bx + c crosses the x ax

| started to be troubled by the special case dilpalas that do not even cross the x axis. We say
these equations have “complex solutions” fiiugsically, where are these solutiors

With a little bit of lateral thinking, | realisethatwe canphysically find the actual positions of
the complex solutions of any polynomial equatiomand indeed many other common functions!
The theory also shows clearly and pictorially, vihg complex solutions of polynomial equati
with real coefficients occur in conjugate pairs.
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This means that the usual form of
the parabolay = ¥ exists in the
normalx, y planebut another

part of the parabola exists at
right angles to the usual graph.

Fig 3is a Perspex model gf= ¥
and its “phantom” hanging at right
angles to it.

Introduction. Consider the grapp= .

We normally just find the positive y values such as
(#1,1), (x2,4), (%3,9) butwe can also find
negativey valueseven though the graph does not
seem to exist under the x axis:

If y=—1 then’=—-1 anck= # .

If y=—4 then’=—4 and = +2.

If y=—9 then’=-9 and= +3

Thinking very laterally, | thought that insteadjo$t
having ay axisand arx AXIS (as shown irFig 1)
we should have g axisbut acomplexx PLANE!
(as shown olfrig 2)

Fig 3




“PHANTOM GRAPHS”. Now let us consider the graghe (x — 1§+ 1 =¥ — 2x + 2

The minimum reay value is normally thought to hye= 1

but now we can have any rgavalues!

If y=0then (x—1f+1=0

so that (x-1¢ =-1 >
producing x-1 =xi
therefore x=1+iand x=1-1i

If y=—3then (x—1Ff+1 =-3
so that x-%) =-4
therefore x=1+2i andx=1-2i

Similarly if y=—8then (x—1f+1=-8
so that (x-13 =-9
therefore x=1+3i andx=1-3i

The result is another “phantom” parabola which is
“hanging” from the normal graph= > —2x + 2

and the exciting and fascinating part is that the
solutions ofx® — 2x + 2 = Oarel + iand1 — i which arewhere the graph crosses the x plate
SeeFig 4

In fact ALL parabolas have these “phantom” partsgnag from their lowest points and at right
angles to the normal y plane.

It is interesting to consider the 3 types of solus of %uadratics.
Consider these caseg=(x +4)(x +2); y=(X-2) y=(x-6)+1

Now if we imagine each graph with its “phantom” bang
underneath we get the full graphs as shown bel&wg. 5
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Here the “phantom” has | || Notice that the curve ga || The solutions are where the
effect on the solutions through the poink = 2 graph crosses theplaneat
X =-4 andx =-2. twice! (a double solutic) || X =6 £i (a conjugate pait)




Now consider the graph ofy = ¥

We normally think of this as just a U shaped cuasehown.
This consists of points (0, 0), (1, 1), (£2, 1@3, 81) etc

The fundamental theorem of algebra tells us thahtgns

of the formx* = ¢ should have 4 solutions not just 2 solutions.

If y=1, X=1so0 using De Moivre’s Theoreni'cis 49 = 1cis (360n)
r=1and 4 = 360ntherefored = 0, 90, 180, 27@roducing he 4 solutions :
X1=1cis0=1, x=1cis90 =i, x=1cis180= —1andg=1cis270= —i

If y =16, X=16s0 using De Moivre’s Theorem'cis 49 = 16cis (360n)
r =2 and 4 = 360ntherefored = 0, 90, 180, 27@roducing the 4 solutions :
Xx1=2cis0=2,%x=2cis 90 =2i,x=2cis 180 =-2,x= 2 cis 270 = - 2i

Fig 6

This meany = ¥ has anothephantom
part at right angles to the usual graph
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But this is not all!

We now considenegativereal y values!

Considery = -1 so X= -1

Using De Moivre’s Theorem:

rcis 49 = 1cis (180 +360n)

r=21and40 = 180 + 360rs08 = 45 + 90n
X1 =1cis 45, x=1cis 135,

X3 =1 cis 225, x=1 cis 315

Similarly, ify = -16, %=-16

Using De Moivre’s Theorem:

rcis 49 = 16cis (180 +360n)

r=2and 4 =180 + 360rs00 = 45 + 90n
X1 = 2 Cis 45, x= 2 cis 135,

X3 =2 cis 225, x= 2 cis 315

The points (1, 1), (-1, 1), (2, 16),2-16)
will produce the ordinary graph but the
points (i, 1), (—i, 1), (2i, 16), @+, 16)

will produce a similar curve at right
angles to the ordinary grapfig 6

Fig 7 (photo of Perspex model)

The points corresponding to negative y
values produce two curves identical in
shape to the two curves for positive y
values but they are rotated 45 degrees as
shown orFig 7.

NOTE: Any hori:ontal plane crosses the
curve in 4 places because all equations of
the formx* = + chave4 solutions and it
clear from the photo that the solutions are
conjugate pairs!



Consider the basic cubic curvey = . 1
Equations withx® have 3 solutions.

If y=1thenx®=1

so rcis 3 = 1cis (360n)

r=21and §=120n =0, 120, 240
Xx1=1cis0, x=1cis 120, x=1cis 240

Fig 8 (photo of Perspex mod:

Similarly if y = 8thenx®=8

so ricis 3 = 8cis (360N )

r=2and #=120n =0, 120, 240
X1=2cis0, x=2cis 120, x=2cis 240

Also y can be negativelf y=-1, X=-1
sorscis 3 = 1ds (180 +360n)
r=1and 3 =180 + 360n s@ = 60 + 120n
X1 =1 cis 60, x=1 cis 180, x=1 cis 300

The result is THREE identical curves
situated at 120 degrees to each other!
(See Fig 8)

Now consider the graphy = (x + 1¥(x — 1¥ = (x* = 1)0¢ — 1) = X* — 2% +1

Any horizontal line (or plane) should cross thiagr at 4
places because any equation of the fefm 2X¥ + 1 = C
~ (where C is a constant) has 4 solutions.

If x=+2theny =9 Similarly if x = +3 then y = 64
so solving X'-2¢+1=9 sosolving x*-2¥ +1 =64
we get: X'-2¢-8=0 weget x*—2¢-63=0
SO (x+2)x-2)(X+2)=0 S0 (X +3)(X—3)(R+7)=0
giving x = #2 and H2 i givingx = 3 and #71i

The complex solutions are all of the fo@ ni. This means that phantom curve,
at right anglesto the basic curve, stretches upwards from themmax point.

Ify= -1, x -1.1+0.46,1.1+£0.44 Fig 9 (photo of Perspex model)
fy=-2, x -1.2+£04 ,1.2+0.6
fy= —4, x= -1.3+0.78,1.3+0.78

Notice that the real parts of tx values vary
This means that thghantom curves hanging
off from the two minimum points are not in :
vertical plane as they were for the parabolal.
SeeFig 9. Clearly all complex solutions to
x*— 2)¢ + 1 = Care conjugate pairs.




Consider the cubic curve v = x(x — 3)

A

If x3— 6+ 9x = 5 then x = 4..and0.9 + 0.6
If x*>— 65 + 9x = 6 then x = 4.2nd0.90+ 0.8
If x*>— 65 + 9x = 7 then x = 4.2nd0.86+ 0.9
So the left hand phantom is leaning to the

As before, any horizontal line (or plane) shouldssrthis
graph at 3 places because any equation of the form:
x> — 6X + 9x = “a constant”, has 3 solutions.

left from the maximum point (1, 4).

If x* — 6 + 9x = —1 then %= —0.1 anB.0% + 0.6

If x*>— 6 + 9x = —2 then x= -0.2 anB.1 0.8

If x>~ 6X + 9x = —3 then x= —0.3 anB.14+ 0.9
So the right hand phantom is leaning to the
right from the minimum point (3, 0). See Fig 10

Fig {@hoto of Perspex model)

The HYPERBOLA V? = ¥ + 25,

This was the most surprising and absolutely

delightful Phantom Graph that | found whilst resgang this concept.

The graph of y? = x2+ 25 for re

Whatx values 3
producereal y

alx, yvalues.
(4

values between

-5 and +5?

v

If y=4 then 16 =X+ 25

and —-9=¥%

SO X =% 3i

Similarly if y = 3 then 9 = ¥ + 25
SO X =4

Andify =0 then0=xX+25
SO X =%5j

These are points on a circle of radius 5 units
(0,5) (#3,4) (¥4, 3) (#5,0)

The circle has complexvalues but rea) values.
This circle is in the plane at right angles to the
hyperbola and joining its two halves!

See photos below of the Perspex models.




AFTERMATH!!!
| recently started to think about other curves andthought it worthwhile to include them.

Using atechnique from previous graphs:
| choose anx value such as =5,
calculate the” value, iey? = 20 and y= 4.5
then solve the equatiotfx — 3Y= 20
already knowing one factor (g — 5)
ie X(x — 3)= 20
*x6X+9x—-20=0
BHC —x+4)=0
=6or Y% +1.9i
This means (5, 4.5) is an “ordinary” point on the
graph but two “phantom” points are (%2 = 1.9i, 4.

Similarly:
If x=6, y¥=54andy=+7.3 so  x(x—3¥ 54
*x6X+9x-54=0
(x—6)¢+9)=0
x=6or =x3i
And
If x=7, y=112andy =+10.6 so x(x-3F 112
x6X+9x—-112=0
(X¥Z +x +16) =0
=X or —Y% +4i
Hence we get the two phantom graphs as shown.

y= X Here we need to find
x—1 complexx values which
produce reafvalues from O to 4

Ify=0 x=C
Y \
lfy=1 x=1+13i
2 2
Ify=2 X=1=i >
lfy=3  x=3+13i
2 2
ify=4 X =
J

These points produce the phantom “oval” shape
as shown in the picture on the left




Considerthegraph y =2X =2 +__ 2
“x1 x-1

This has a horizontal asymptotg= 2

and two vertical asymptotes=+ 1

Ify=1then 2¢ = 1

—1
so KX=¥-1
and % = -1
producing x = i
Ify=1.999then 2x¥ = 1.999
‘%1
so  2x= 1.999% — 1.999
and 0.00fx= —1.999

Producing 2=-1999

x+ 45|

Side view o“phantom” approachingy = .

_

This implies there is a “phantom graph”
which approaches the horizontal
asymptotic plane y = 2 and is at right
angles to the x, y plane, resemblirag
upside down normal distribution curve.

Normal x, y
plane

Asymptotic plane | =

y=2 '

Phantom graph
approaching the
asymptotic plane
y=2

Consider an apparently “similar” equation

but with a completely different “Phantom”.

y = )(2 =
x=1x-4)

% 5X + 4

The minimum point is (0, 0)
The maximum point is (1.6, —1.8)

If y=-0.1, x= 0.2+0.56i )
If y=-0.2, x=04x0.7i
If y=-0.5 x= 0.8x0.8i
If y=-1, x= 1.25+0.66i

If y= —15, x= 1.5+0.4i

If y=-1.7, x= 1.60.2i Y,

These results imply that a “phantoroVal
shape joins the minimum point (0, 0) to the
maximum point (1.6, —1.78).




The final two graphs | have included in this papervolve some theory too advanced for
secondary students but | found them absolutely fasting!

If v=-cos(x) whataboutyvalues>1and-1 ?
Usingcosf) =1— x* +xX— X + X —. ... /\
2l 4116 8 \/
Letsfindcos(#)=1 + 1+1+ 1+ 1 ........
2! 4le! 8!
=154 (e>1)
Similarly cos(x2)=1+4 +16 +64+ ...
2! 4! 6!
=3.8
Also find cosf + i) = cosf) cos(i) — sing) sin(i) .
= —1 xcos(i) & 72 | al W2 %
=~—1.54 (je < -1)

These results imply that the cosine graph alsathasvn
“phantoms’ in vertical planes at right angles to the usual
X, y graph, emanating from each max/min point.

Finally consider the exponential function y =8 How can we find x if € =—1 ?
Using the expansion fag* =1 +x +X + X +X' + X +......
20 31 41 b5l
We can finde”'= 1+ xi + (xif +(xi)®+ (xi)* + (xi)°> +. . ....
20 3l 4! 5!
=1- X +X-X + X+ )+ P (x-X+ X -X+.)
2! 4 6! !8 31 51 17
= (cosx) + i (sinx)
If we are to geREAL y valuesthen using € = cosx + i sinx , we see thatin x must be zero.
This only occurs wherx = 0, 2, 3r,... (or generallynz)
e™= cost + isint =1 +0i , €" =cosa +isin2t = +1 + O
e¥™ =cosx +isin3t =1+ 0i , & =cos4 + isindr = +1 + Oi
Now considery = € whereX =x + 2nzi (ie even numbers of)
ie y= ex+2m-| - ex>< e2n:r|: ex x1 = ex
Also considery = & whereX = X +(2n+1) i (ie odd numbers ofr)
ie y:ex+(2n+1)n-| — ex x e(2n+1):r| — ex x"1 = _ex
This means that the graphyof & consists oparallel identical curvesif X = x + 2nwi
x + even N°of zi
and,upside down parallel identical curvesoccurring at X = x + (2n + 1yri = x + odd N*® of i

wreal)

Graph ofy = eX where X = x + pxi




