
𝑛 ∈ ℕ∗ (𝑥0, 𝑦0) (𝑥1, 𝑦1) (𝑥𝑛−1, 𝑦𝑛−1 𝑥𝑖

𝐿

∀𝑖 ∈ ⟦0, 𝑛 − 1⟧, 𝐿̃(𝑥𝑖) = 𝑦𝑖 et deg(𝐿) ≤ 𝑛 − 1

𝐿(𝑋) =∑𝑦𝑗( ∏
𝑋 − 𝑥𝑖
𝑥𝑗 − 𝑥𝑖

𝑛−1

𝑖=0,𝑖≠𝑗

)
𝑛−1

𝑗=0

𝑃𝑛,𝑗 = ∏
𝑋 − 𝑥𝑖
𝑥𝑗 − 𝑥𝑖

𝑛−1

𝑖=0,𝑖≠𝑗

𝑃𝑛,𝑗 =∑𝑦𝑗
(

  (∏
𝑋 − 𝑥𝑖
𝑥𝑗 − 𝑥𝑖

𝑗−1

𝑖=0

)( ∏
𝑋 − 𝑥𝑖
𝑥𝑗 − 𝑥𝑖

𝑛−1

𝑖=𝑗+1

)

)

  
𝑛−1

𝑗=0

𝑖 − 1 → 𝑖 𝑖 + 𝑗 → 𝑖

𝐿(𝑋) =∑𝑦𝑗
(

  (∏
𝑋 − 𝑥𝑖−1
𝑥𝑗 − 𝑥𝑖−1

𝑗

𝑖=1

)( ∏
𝑋 − 𝑥𝑖+𝑗
𝑥𝑗 − 𝑥𝑖+𝑗

𝑛−1−𝑗

𝑖=1

)

)

  
𝑛−1

𝑗=0

∏
𝑋 −𝑥𝑖−1
𝑥𝑗 − 𝑥𝑖−1

𝑗

𝑖=1

=
1

∏ (𝑥𝑗 − 𝑥𝑖−1)
𝑗

𝑖=1

⋅∏(𝑋 − 𝑥𝑖−1)
𝑗

𝑖=1

∏
𝑋 − 𝑥𝑖+𝑗
𝑥𝑗 − 𝑥𝑖+𝑗

𝑛−1−𝑗

𝑖=1

=
1

∏ (𝑥𝑗 − 𝑥𝑖+𝑗)
𝑛−1−𝑗

𝑖=1

⋅ ∏ (𝑋 − 𝑥𝑖+𝑗)
𝑛−1−𝑗

𝑖=1

https://fr.wikipedia.org/wiki/Formule_du_bin%C3%B4me_de_Newton#G%C3%A9n%C3%A9ralisations


∏(𝑋 + 𝑌𝑖)
𝑛

𝑖=1

=∑𝜎𝑘(𝑌1,… , 𝑌𝑛) ⋅ 𝑋
𝑛−𝑘

𝑛

𝑘=0

𝜎𝑘

∏(𝑋 − 𝑥𝑖−1)
𝑗

𝑖=1

=∑𝜎̃𝑘(−𝑥0,… ,−𝑥𝑗−1) ⋅ 𝑋
𝑗−𝑘

𝑗

𝑘=0

∏
𝑋−𝑥𝑖−1
𝑥𝑗 − 𝑥𝑖−1

𝑗

𝑖=1

=∑
𝜎̃𝑘(−𝑥0,… , −𝑥𝑗−1)

∏ (𝑥𝑗 − 𝑥𝑖−1)
𝑗

𝑖=1

⋅ 𝑋𝑗−𝑘
𝑗

𝑘=0

∏ (𝑋 − 𝑥𝑖+𝑗)
𝑛−1−𝑗

𝑖=1

= ∑ 𝜎̃𝑘(−𝑥𝑗+1,… ,−𝑥𝑛−1) ⋅ 𝑋
𝑛−1−𝑗−𝑘

𝑛−1−𝑗

𝑘=0

∏
𝑋− 𝑥𝑖+𝑗
𝑥𝑗 − 𝑥𝑖+𝑗

𝑛−1−𝑗

𝑖=1

= ∑
𝜎̃𝑘(−𝑥𝑗+1,… ,−𝑥𝑛−1)

∏ (𝑥𝑗 − 𝑥𝑖+𝑗)
𝑛−1−𝑗

𝑖=1

⋅ 𝑋𝑛−1−𝑗−𝑘
𝑛−1−𝑗

𝑘=0

𝑃𝑛,𝑗 = (∑
𝜎̃𝑘(−𝑥0,… ,−𝑥𝑗−1)

∏ (𝑥𝑗 − 𝑥𝑖−1)
𝑗

𝑖=1

⋅ 𝑋𝑗−𝑘
𝑗

𝑘=0

)( ∑
𝜎̃𝑘′(−𝑥𝑗+1,… ,−𝑥𝑛−1)

∏ (𝑥𝑗 − 𝑥𝑖+𝑗)
𝑛−1−𝑗

𝑖=1

⋅ 𝑋𝑛−1−𝑗−𝑘
′

𝑛−1−𝑗

𝑘′=0

)

𝑃𝑛,𝑗 =∑ ∑ (
𝜎̃𝑘(−𝑥0,… , −𝑥𝑗−1)

∏ (𝑥𝑗 − 𝑥𝑖−1)
𝑗

𝑖=1

⋅ 𝑋𝑗−𝑘 ⋅
𝜎̃𝑘′(−𝑥𝑗+1,… ,−𝑥𝑛−1)

∏ (𝑥𝑗 − 𝑥𝑖+𝑗)
𝑛−1−𝑗

𝑖=1

⋅ 𝑋𝑛−1−𝑗−𝑘
′
)

𝑛−1−𝑗

𝑘′=0

𝑗

𝑘=0

⇔ 𝑃𝑛,𝑗 =∑ ∑ (
𝜎̃𝑘(−𝑥0,… ,−𝑥𝑗−1)

∏ (𝑥𝑗 − 𝑥𝑖−1)
𝑗

𝑖=1

⋅
𝜎̃𝑘′(−𝑥𝑗+1,… ,−𝑥𝑛−1)

∏ (𝑥𝑗 − 𝑥𝑖+𝑗)
𝑛−1−𝑗

𝑖=1

⋅ 𝑋𝑛−1−𝑘
′−𝑘)

𝑛−1−𝑗

𝑘′=0

𝑗

𝑘=0

𝑖 → 𝑖 − 1 𝑖 → 𝑖 + 𝑗

https://fr.wikipedia.org/wiki/Polyn%C3%B4me_sym%C3%A9trique#Polyn%C3%B4mes_sym%C3%A9triques_%C3%A9l%C3%A9mentaires


𝑃𝑛,𝑗 =∑ ∑ (
𝜎̃𝑘(−𝑥0,… ,−𝑥𝑗−1) ⋅ 𝜎̃𝑘′(−𝑥𝑗+1,… ,−𝑥𝑛−1)

∏ (𝑥𝑗 − 𝑥𝑖)
𝑛−1

𝑖=0,𝑖≠𝑗

⋅ 𝑋𝑛−1−𝑘
′−𝑘)

𝑛−1−𝑗

𝑘′=0

𝑗

𝑘=0

Σ

𝑃𝑛,𝑗 =
∑ ∑ (𝜎̃𝑘(−𝑥0,… ,−𝑥𝑗−1) ⋅ 𝜎̃𝑘′(−𝑥𝑗+1,… ,−𝑥𝑛−1) ⋅ 𝑋

𝑛−1−𝑘′−𝑘)𝑛−1−𝑗

𝑘′=0

𝑗

𝑘=0

∏ (𝑥𝑗 − 𝑥𝑖)
𝑛−1

𝑖=0,𝑖≠𝑗

𝑃𝑛,𝑗

𝑃𝑛,𝑗 =
∑ 𝑔(𝑛, 𝑗, 𝑘′′) ⋅ 𝑋𝑘

′′𝑛−1

𝑘′′=0

∏ (𝑥𝑗 − 𝑥𝑖)
𝑛−1

𝑖=0,𝑖≠𝑗

(𝑘, 𝑘′) 𝑋𝑘
′′
 

𝑘′′ {(𝑘, 𝑘′)}

𝑛 − 1 (0,0)

𝑛 − 2 (1,0), (0,1)

𝑛 − 3 (2,0), (1,1), (0,2)

⋮ ⋮

(𝑘, 𝑘′) 𝑘 + 𝑘′ = 𝑛− 1 − 𝑘′′ 𝑘′ = 𝑛− 1 − 𝑘′′ − 𝑘

𝑔: (𝑛, 𝑗, 𝑘′′) ↦ ∑ 𝜎̃𝑙(−𝑥0,… ,−𝑥𝑗−1) ⋅ 𝜎̃𝑛−1−𝑘′′−𝑙(−𝑥𝑗+1,… ,−𝑥𝑛−1)
𝑛−1−𝑘′′

𝑙=0

𝑃𝑛,𝑗 = ∑ (
𝑔(𝑛, 𝑗, 𝑘′′)

∏ (𝑥𝑗 − 𝑥𝑖)
𝑛−1

𝑖=0,𝑖≠𝑗

) ⋅ 𝑋𝑘
′′

𝑛−1

𝑘′′=0

⇔ 𝑃𝑛,𝑗 =∑𝑓(𝑛, 𝑗, 𝑘) ⋅ 𝑋𝑘
𝑛−1

𝑘=0

𝑓: (𝑛, 𝑗, 𝑘) ↦
∑ 𝜎̃𝑙(−𝑥0,… ,−𝑥𝑗−1) ⋅ 𝜎̃𝑛−1−𝑘−𝑙(−𝑥𝑗+1,… ,−𝑥𝑛−1)
𝑛−1−𝑘

𝑙=0

∏ (𝑥𝑗 − 𝑥𝑖)
𝑛−1

𝑖=0,𝑖≠𝑗

 



 

𝐿(𝑋) =∑𝑦𝑗𝑃𝑛,𝑗

𝑛−1

𝑗=0

⇔ 𝐿(𝑋) =∑𝑦𝑗 (∑𝑓(𝑛, 𝑗, 𝑘) ⋅ 𝑋𝑘
𝑛−1

𝑘=0

)
𝑛−1

𝑗=0

⇔ 𝐿(𝑋) =∑(∑𝑦𝑗 ⋅ 𝑓(𝑛, 𝑗, 𝑘)
𝑛−1

𝑗=0

) ⋅ 𝑋𝑘
𝑛−1

𝑘=0

𝐿(𝑋) =∑𝑐𝐿(𝑛, 𝑘) ⋅ 𝑋
𝑘

𝑛−1

𝑘=0

𝑐𝐿: (𝑛, 𝑘) ↦∑𝑦𝑗 ⋅ 𝑓(𝑛, 𝑗, 𝑘)
𝑛−1

𝑗=0

⇔ 𝑐𝐿: (𝑛, 𝑘) ↦∑(
𝑦𝑗

∏ (𝑥𝑗 − 𝑥𝑖)
𝑛−1

𝑖=0,𝑖≠𝑗

∑ 𝜎̃𝑙(−𝑥0,… , −𝑥𝑗−1) ⋅ 𝜎̃𝑛−1−𝑘−𝑙(−𝑥𝑗+1,… ,−𝑥𝑛−1)
𝑛−1−𝑘

𝑙=0

)
𝑛−1

𝑗=0


